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Foreword 


The National Policy on Education (NPE) 1986 has emphasized the need for qualitative 
improvement of school education, particularly m the area of science and mathematics 
education. The Government of India has already initiated a number of steps in this direction. 
The National Council of Educational Research and Training (NCERT) has been assigned the 
responsibility of developing a new curriculum and related curricular materials in line with the 
new education policy to serve as models for the States and the Union Territories to 
adopt/adapt. 

4 The NCERT has been working in the area of curriculum development/renewal for many 
years. Yet developing a curriculum in tune with the intentions and aspirations of NPE poses a 
real challenge. The various curricular issues arising out of the NPE were discussed in a number 
of seminars/workshops resulting in the Council’s document National Curriculum for 
Elementary and Secondary Education - A Framework (Revised version 1987) and several other 
documents. 

Science and mathematics are the vital areas of school curriculum. So, the NCERT thought 
it appropriate to make the best use of the available expertise in the country in science and 
mathematics education in the process of curriculum renewal and preparation of new 
generation of instructional materials Accordingly, a General Advisory Board for Science and 
Mathematics was constituted under the chairmanship of Prof. C. N. R. Rao, an eminent 
scientist and Chairman of the Prime Minister’s Scientific Advisory Committee. On the advice 
of this General Advisory Board, six writing teams were set up for developing new instructional 
packages in science and mathematics in line with NPE The writing team for mathematics was 
constituted under the chairmanship of Prof. U. N. Singh The team consists of distinguished 
mathematicians from various universities, besides NCERT experts. The writing team met 
several times and after much deliberations evolved a new mathematics curriculum which, I am 
sure reflects the intentions and aspirations of NPE. The present textbook is based on the new 
curriculum. 

The authors spared no efforts to produce materials of high quality First, the draft materials 
prepared by different authors were continuously refined through mutual discussions within the 
group. Then the materials were exposed to a group of classroom teachers drawn from all over 
the country in a review workshop. The suggestions and comments made in the review workshop 
were incorporated by the authors as far as possible and finally the whole manuscript was edited 
by Prof. U.N. Singh. 

I am indeed very thankful to Prof, U. N. Singh, Prof. A. M. Vaidya, Prof. R. Vittal Rao, 
Prof. V. G. Tikekar, Prof. J. D. Gupta, Prof. K. V. Rao, Dr. Ram Autar and Shri Ishwar Chandra 
who authored different parts of the book. I am particularly grateful to Prof. U. N. Singh, who 
provided valuable guidance to his team of authors and finally edited the whole manuscript. I 
express my deep appreciation to my colleagues in the Department of Education in Science and 



Mathematics, Prof. K. V Rao, Dr Ram Autar, Shri Ishwar Chandra, who took a lot of pains 
in shaping the manuscript in the press-worthy form and seeing it through the press. I am very 
much indebted to the teachers who participated in the review workshop and provided valuable 
suggestions and comments for the improvement of the draft materials. I must make a special 
mention of Prof. A. K. Jalaluddin, Joint Director, NCERT, and Prof B Ganguly, Head, 
Department of Education in Science and Mathematics, who took a lot of interest in this project 
and greatly helped in bringing out this book. I also express my thanks to Shri C. N Rao, Head, 
Publication Department, and his Publication Team for making all efforts in bringing out this 
book expeditiously and in an excellent form. 

Curriculum development is a dynamic and continuous process. No one can claim to have 
developed a perfect curriculum or perfect curricular materials Though Prof. U. N. Singh and 
his able team of mathematicians did a very good job of evolving a new mathematics curriculum 
and new curricular materials in line with NPE, there will always be some scope for further 
improvement. So, I request all those who will be using this book to evaluate the materials with 
an open mind and offer their valuable suggestions for further improvement 


P L. Malhotra 
Director 
National Council of 
Educational Research and Training 



Preface 


The National Policy on Education (NPE-1986) has justifiably emphasised the need for 
qualitative improvement in school education in Science and Mathematics. The following two 
paragraphs of the NPE deserve special attention in this connection. 

8 16 Mathematics should be visualized as the vehicle to train a child to think, 
reason, analyse and articulate logically. Apart from being a specific subject it 
should be treated as concomitant to any subject involving analysis and reasoning. 

8 17 With the recent introduction of computers in schools educational 
computing and emergence of learning through the cause-effect relationships and 
the interplay of variables, the teaching of mathematics will be suitably redesigned 
to bring it in line with modern technological devices. 

The implementation of the NPE made it necessary to review the courses of studies in 
science and mathematics and to bring out new textbooks. There is another strong reason for 
reviewing the course contents in science and mathematics and for rewriting textbooks in these 
disciplines. Different branches of science, pure and applied, including mathematics are 
developing with astonishing rapidity. Exciting discoveries of far-reaching importance are being 
made in quick succession. Deep and new ideas of a rapidly growing science very often shed 
new and penetrating light even on the most elementary topics. It is, therefore, highly desirable 
that courses of studies of school education are reviewed periodically and new textbooks are 
written 

The National Council of Educational Research and Training initiated prompt action in 
respect of redesigning the curricula m science subjects and mathematics relating to school 
education. It appointed a General Advisory Board for Science and Mathematics under the 
Chairmanship of Professor C. N. R. Rao, who is also the Chairman of the Scientific Advisory 
Committee of the Prime Minister. On the advice of General Advisory Board, the NCERT 
constituted six writing teams for developing instructional packages in science subjects and 
mathematics from upper primary to senior secondary level. Besides the experts from the 
NCERT, distinguished mathematicians from different parts of the country are members of the 
writmg team in mathematics. 

The NCERT had done a good deal of preparatory work in connection with curriculum 
renewal before the appointment of the writing team. We have been greatly benefited in our 
work by the NCERT’s documents: 

- National Curriculum for Elementary and Secondary Education-A Framework 

- Mathematics education for the first 10 years of schooling-Guidelines for 

developing curriculum for upper primary and high school stages 

~ levels Sylla ^ ' n mat ^ ema ^ cs f° r upper primary, secondary, and senior secondary 
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The present textbook has been written on the basis of a curriculum which emerged after 
a thorough review of the curriculum prepared by the NCERT. 

A new textbook should be written only when it has to say new things or give a new 
message I believe that the present book has some new ideas. Some special features of 
this book are as follows 

1. In proving results deductive reasoning has been emphasized especially in the 
chapters on geometry If the students learn and appreciate the power of 
deductive reasoning, it will certainly help them to develop critical power of 
analysis and reasoning 

2 The book contains material for different categories of students - (a) those for 
whom secondary education is a terminal point, (b) those who are going to 
continue the study of mathematics for using it as a tool in the study of other 
disciplines or in their professions (c) those who have special aptitude and 
talents for studying mathematics and are going to be research mathematicians 

3. The distinction between rational and irrational numbers has been clearly 
explained by using decimals, and the representation of real numbers by points 
on a line has been simply explained. 

4. A chapter on elementary statistics and another on computing have been 
written in simple style. These chapters are meant to stimulate the interest of 
students in pursuing the study of statistics and computer programming. 

5. New concepts have been introduced by means of simple examples 

Our group is also working on the development of additional instructional materials to 
supplement the textbook. The additional materials are Supplementary Problem Book, 
Enrichment Mathematics, Teachers’ Guide, and so on. I hope these additional materials will 
soon be made available to the students and teachers 

The first draft of the book was exposed to a group of school teachers teaching class IX in 
schools in different parts of the country in a review workshop organized by the NCERT at 
Delhi. The school teachers made important suggestions which were incorporated in the second 
draft I thank the school teachers for their suggestions. 

I am thankful to Dr, P. L. Malhotra, Director, NCERT who initiated this project and invited 
us to join this national endeavour for the improvement of mathematics education. 

I am grateful to Prof C. N. R. Rao for his constant guidance which helped us in planning 
and developing this textbook. I express my sincere thanks to Prof. A. K. Jalaluddin, Joint 
Director, NCERT, and Prof. B. Ganguly, Head, Department of Education in Science and 
Mathematics, for their kind cooperation extended to me and to the writing team. 

Prof. A. M Vaidya, Prof. R Vittal Rao, Prof. V. G. Tikekar, Prof. J. D Gupta, Prof. K. V. 
Rao, Dr Ram Autar and Shri Ishwar Chandra were my colleagues in the writing team All of 
them most willingly spared their valuable time for preparing the book I express my deep sense 
of gratitude to them. Prof. J. D. Gupta was invited by me later. In addition to the writing part 
of the book, Prof. J. D Gupta and Prof. K. V. Rao also helped me in the editing part 1 of the 



Vll 


book. I thank them for their cooperaion. Dr. B L. Sharma of Allahabad University and Dr. 
Satyadeo of Jammu University joined us in the beginning, but both of them withdrew 
subsequently as they had to go abroad. They were with us during the initial stages of preparing 
the first draft and gave valuable advice. I express my thanks to both of them Besides taking 
part in the writing work, Prof. K. V Rao, Dr Ram Autar, Shri Ishwar Chandra ofNCERThad 
to put in hard work in organizing several workshops, getting the manuscript in pressworthy 
form and finally seeing it through the Press. I am indeed very thankful to them. 

In spite of the great care taken by the authors and the NCERT team, some errors may have 
escaped our notice We shall appreciate it very much if such errors are brought to our notice. 
Suggestions for improving the quality of the book will be gratefully received 


U N Singh 
Chairman of the Writing Team 
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CHAPTER 1 


The Language of Sets 


1.1 Sets 

The concept of Set is of fundamental importance in mathematics This concept is fairly 
simple, and we come across sets of different kinds in everyday life. A football team is 
a set of players, a class is a set of students. The school library houses a set of books in 
mathematics, a set of books in physics, and so on There is a set of exercises in each 
chapter in this book. Thus, we can say that by a set we mean a c ollection of objec ts. In 
this book, we will be mainly dealing with sets of mathematical objects like numbers, 
points, lines, triangles, circles, and so on. We usually denote sets by capital letters, A, 
B , C, S, X, Y, etc; and the objects of a set by lower-case letters, a, b, c, etc. 

If S is any set, every object in S is also called an element of the set. Let S be the set 
of all natural numbers less than 100 Then 10 is an element of this set 42 is also an 
element of this set. Can you name some more elements of the set 7 Is 100 an element of 
the set? The fact that 10 is an element of the set S is expressed in symbols as “10 e S” 
which is read as “10 belongs to 5” or “10 is an element of S.” Similarly, “42 e S." As 
we see, 108 is not an element of the above set S. We express this fact in symbols as “108 
g S.” In general, if a is an element of a set S, we just write “a e S and read it as “a 
is an element of S ” If a is not an element of S, we write “a g S,” which is read as “a 
is not an element of S.” (“ae. S ” is also read as “a belongs to S,” and “a$ S” is also 
read as “a does not belong to S ”) 

Usually, one of the following two ways of describing a set are used 

(1) Roster Form (also known as Tabular form)-, 

(2) Set Builder Form (also known as Rule form). 

Roster Form 

In roster form all the elements of the set are listed, the elements being separated by 
commas, and are enclosed within braces. For example, the set of all even positive 
integers less than 7 is described in roster form as “{2, 4, 6}.” While describing a set in 
roster form you must bear in mind that every element is listed only once and that the 
order in which the elements are listed is immaterial Thus, {2, 6, 4} or {6, 2, 4} also 
describe the set {2, 4, 6}. But {2, 4, 6, 2} is not a proper description of the above set, 
since the element 2 has been listed twice 'Also, {2, 4} is not a proper description of 
the above set, since the element 6 has been omitted 
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Example 1.1: The set of all natural numbers that divide 42 can be described, in 
roster form, as 

{1, 2, 3, 6, 7, 14, 21, 42} 

Can it also be described as 

{1, 3, 7, 21, 2, 6, 14, 42}? (Why?) 

Can it be described as 

'{1, 3, 7, 21}? (Why?) 

Can it be described as 

{1,3, 7, 7, 21, 2, 6, 14, 42}? (Why?) 

Example 1.2: Given below are some sets in roster form 

(i) {2, 4, 6, 8} is the set of positive even integers less than 10 

(n) {a , e , i, o, «} is the set of vowels in the English alphabet. 

(ill) {/, N,D,A} is the set of letters forming the word “INDIA.” 

(iv) {5, C, H, O, L) is the set of letters forming the word 
“SCHOOL.” 

The roster form enables us to see all the elements of a set at a glance However, it is 
not convenient to use when the number of elements of a set is large. In such cases it is 
more convenient to use the set builder form which is explained below. 

Set Builder Form 

This form is used when all the elements of a set possess a single common property which 
is not possessed by any element outside the set For example, in the set “{a, e, i , o, u}” 
all the elements possess a common property, namely, each of them is a vowel in the 
English alphabet, and no other letter possesses this property. Denoting this set by V, 
we write 

V = {x :x is a vowel in the English alphabet.} 

It may be observed that we describe the set by using a symbolx (any other symbol like 
the letters y,z, etc., could be used) which is followed by a colon After the sign of 
colon we write the characteristic property possessed by the elements of the set and 
then enclose the whole description within braces. The above description of the set V 
is read as “The set V of allx such that* is a vowel of the English alphabet.” In this 
description the braces stand for “the set of all”; the colon stands for “such that.” 

For example, the following description of a set 

A = {x :x is a natural number and 3 < x < 10} 
is read as “the set of allx such thatx is a natural number and 3 < x < 10.” Hence the 
numbers 4, 5, 6, 7, 8 and 9 are the elements of the set A. 

Example 1.3: Suppose a setE is given as 

E = {x : x is a positive even integer } 

This means thatE is the “set of allx such thatx is a positive even integer.” 

Example 1.4: Let / be a line in the plane. If we write 
P = {m : m is a line parallel to l } 
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then P is the set of all lines in the plane that are parallel to I. 

Let us consider the set of all integers satisfying the inequality 5 < x < 6 . We can write 
this set in roster form as {5, 6 }. Now consider the set of all integers satisfying the 
inequality 5 < x < 6 We find that no integer satisfies this inequality, and hence this 
set has no elements. It is convenient to introduce the notion of a set having no elements 
We call such a set, the “empty set’.’ “null set” or “void set” and denote it by the symbol 
‘0’ (Sometimes the empty set is written in roster form as “{ }”). 

Two sets are said to be equal if they have the same elements 
The sets A = {a,b,c},B = {b, a, c} are equal sets 

Similarly sets X = {1, 2, 3, 4} and Y = •{ -?, i, ^ are equal sets In other words, 
two equal sets are essentially identical. 

Finite and Infinite Sets 

Let 

A = {1, 2, 3, 4, 5} 

B — {a, b, c, d, e, /} 

C = {men living in different parts of the world today}. 

As can be seen readily, A contains 5 elements and£ contains 6 elements. How many 
elements does C contain? As it is, we do now know the number of elements in C, but 
it is some definite number; may be quite a big number Sets which contain a definite 
number of elements are called “finite sets.” 

Consider the set of natural numbers How many elements does this set contain? 
Is there a natural number beyond which there is no other natural number? (No.) You 
sec, therefore, that the number of elements of this set is not finite like the number of 
elements in A, B or C we considered above. We say the set of natural numbers is an 
“infinite set.” We will come across many infinite sets in our study hereafter. For 
instance, the set of even numbers, the set of odd numbers, the set of rational numbers 
are all infinite sets. 

When we represent a set in the roster form, we write all the elements of the set 
within { }. It is not possible to write all the elements of an infinite set within { } 

because the number of elements of such a set is not finite So we represent an infinite 
set in the roster form by writing a few elements which clearly indicate the structure of 
the set, followed (or preceded) by three dots. 

For instance, {1, 2, 3, 4, .} is the set of natural numbers. 

{1, 3, 5, 7, 9, } is the set of add natural numbers. 

{..., - 3, — 2, — 1, 0, 2, 3,...} is the set of integers. 

Exercises 1.1 

1. Let A = {1, 2, 3, 4, 5, 6 }. Insert the appropriate symbol e or £ in the blank spaces' 
(i) 5...A (») 8 ...A 
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(in) 0...A O) 4 ... A 

(v) 1...A (vi) 10 ..A 

2. Write the following sets in roster form: 

(/) A = {x : * is an integer and — 3 < X < 7,} 

(;;) B = {at . x is a natural number less than 6 } 

(iit) C - {* : x is a two-digit natural number such that the sum of its 

digits is 8.} 

(iv) D = >{;e : x is a prime number which is a divisor of 60.} 

(v) E = The set of all letters in the word MATHEMATICS. 

(vi) F = The set of all letters in the word SETS. 

3. Write the following sets in the set builder form: 

(i) {3,6,9,12} («) {2,4,8,16,32} 

(in) {5, 25,125, 625} (iv) {a, e, i, o, u} 

(v) {1,3,5,. } (w) {2,4,6...} 

(vh) {1,4,9,. ,100} 

4. Match each of the sets on the left described in the roster form with the same set 
on the right described in set builder form’ 

(i) {1, 2, 3, 6} (a) {x • x is a prime number and a 

divisor of 6.} 

(«) {2, 3} (b) {„t: ,r is an odd natural number 

less than 10.} 

(ni) {H , A, Y, R, N} (c) {x . x is a natural number and 

divisor of 6.} 

(iv) {1, 3, 5, 7, 9} (d) {x • x is a letter of the word 

‘HARYANA’.} 

5. In the following, state whether A = B or not: 

(i) A = {1, 2, 3, 4} B = {4, 3, 2, 1} 

(ii) A = {4, 8, 12,16} B = {8, 4, 16,18} 

( 111 ) A = {2,4,6,8,10} B = {x:x is positive even 

integer < 10.} 

(iv) A = {jc : x is a multiple of 10} B = {10, 15, 20, 25, 30, ...} 

1.2 Subset 

We may call a part of a set A as a subset of A. For example, let Z denote the set of all 
integers (positive, negative and zero) Let N be the set of all natural numbers. Then N 
is a part of Z. We say that N is a subset of Z The fact that A is a subset of Z is expressed 

in symbols as WcZ, The symbol c stands for “is a subset of” or “is contained in.” 

Thus we arrive at the following definition: 

A set A is said to be a subset of a set B if every element of A is also an element of B. 

In other words, A C B if whenever a e A then a e B. 

It is often convenient to use the symbol “=*” which means “implies.” Using this symbol 
we can write the definition of “subset” as follows: 



THE LANGUAGE OF SETS 


5 


A C B\fa <= A=* a e B. 

We read the above as “A is a subset of B if the fact that a is an element of A implies 
that a is also an element of B." 

It follows from this definition that A c A for every setA. Since the empty set 0 has 
no elements, we agree to say that 0 C A. 

Example 1.5: Let A be the set of all the students of the Class 9 in your school and 
B be the set of all the students studying in your school. Then A is a subset of B, 
and we write .4 c B. 

Example 1.6: If A is the set of all divisors of 56 and B the set of all prime divisors 
of 56, then B is a subset of A, and we write B c A. 

Example 1.7: Let A = {1, 3, 5} and B = {x :x is an odd natural number less than 
6 }. Is A a subset of 5? Yes. (Why?). Is B a subset of .4? Yes. (Why?). Is A = B1 
In Example 1.7 you find that two given sets A and B are such that ^4 is a subset of 
B and 2? is a subset of A, and that A = B. Can you generalize this’ It is always true that, 
if A is a subset of B and B is a subset of A, then A = B Conversely, if A is equal to B, 
then A is a subset of B and B is a subset of A. In symbols, 

A = B, if and only if ^4 C B and B C A. 

Example 1.8: Let A be the set of all factors of 42, B the set of all factors of 60 and 
C the set {1, 2, 3}. Then you can easily verify that C C A and also C C B 
You may also verify that C is the set of common factors of 42 and 60. 

Example 1.9- Let A = {a, e, i, o,u}, B = {a, b, c, d}. Is A a subset of B1 No. 
(Why?). Is B a subset of A? No (Why’). 

When A is not a subset of B we write this in symbols as A (£ B 

Example 1.10 - Let us write down all the subsets of the set {1, 2}. We know 0 is 
a subset of every set. So 0 is a subset of {1, 2}. We see that { 1 } and {2} are also 
subsets of {1, 2} Also we know every set is a subset of itself. So {1, 2} is a subset 
of (1, 2}. Thus the set (1, 2} has, in all, four subsets, viz 0, {!}, {2} and { 1 , 2 } 


Exercises 1.2 

1. If A = {a, b, c}, and B = {b, c, a, d}, is A C B? Is B C 4’ 

2. Make correct statements by filling in the symbols C or (£ in the blank spaces: 

(0 {2,3,4}... {1,2,3, 4, 5} 

(«) {a,b,c} ... {b,c,d} , 

(mi) {x . x is a student of Class 9 of your school.} ... {x: x is a student of your school } 

(iv) {x : x is a circle in the plane.} ... {x ■ x is a circle with radius 1.} 

(v) {x . x is a triangle in the plane.} ... {x . x is a rectangle in the plane } 

(vi) {x : x is an equilateral triangle in the plane } . {x : x is a triangle in the plane.} 

(vn) {x :x is an even natural number.} ... {x • x is an integer.} 
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3 . Examine whether the following statements are true or false: 

(0 {a, b } <t {b, c, a } 

(n) {a, e } (£ {* . x is a vowel in the English alphabet.} 
(»«) {1, 2, 3} (f. {1, 2, 3} 

(iv) {a} (£ {a, b, c} 

(v) {a} e {a, b, c} 

(vi) {x . x is an even natural number less than 6 } 

C {a: : x is a natural number which divides 36 } 

4. Let 

{ 0 , 1 , - 1 , 2 , - 2 };Y= { 0 , 1 , 2 }; 

A = { x : x is a natural number.} 

B = (a: :x is an integer.} 

C = { x : x is a natural number less than 3 } 

D= {1,2,3} 

E = {1, 2} 

Which of the following statements are true and which are false? 


(i) XC A 

(it) A CX 

(lii) XCB 

(iv) BOX 

(v) X C C 

(vi) CcX 

(vii) X CD 

(viii) D CX 

(ix) X qtE 

(r) E <t X 

(xi) D = E 

(xn) C (tD 

(xui) BCD 

(xiv) D C E 

(xv) E C D 

(xvi) 0CI 

(xvii) X C 0 

(xviii) 0 C A 


5. Write down all the subsets of the following sets - 

(0 {a} («) {«,*>} 

(m) {1, 2, 3} (iv) 0 


1.3 Operations on Sets 

We are familiar with the arithmetical operations of addition, subtraction, 
multiplication and division. Each one of these operations was performed on a pair of 
numbers to get another number. For example, when we perform the operation of 
addition on the pair of numbers 2 and 3 we get the number 5, Again, performing the 
operation of multiplication on the pair of numbers 2 and 3 we get 6 , since 2x3 = 6 . 
Similarly, there are some operations which when performed on two sets give rise to 
another set. We will now define some of these operations on sets and study their 
properties. 

Union of Sets 

Letv4 and B be any two sets. By the union of A with B we mean the set which consists 
of all the elements of A and all the elements of B, the common elements being taken 
only once. We write the union of^4 with B as A U B and read it as “A union .B.” 
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Example 1.11: Let A = {1, 2, 3} and B = {2, 3, 5}. Then.4 U B = {1, 2, 3, 5}. 
Note that the common elements 2 and 3 have been taken only once while writing 
AUB 

Example 1.12: Let H = {Ram, Shyam, Akbar} be the set of students of Class 9, 
who are in the school hockey team. Let F = {Shyam, David, Ashok} be the set 
of students,from Class 9, who are in the school football team. Then, 

H U F = {Ram, Shyam, Akbar, David, Ashok}. 

This is the set of students from Class 9 who are in the hockey team or the football 
team or both. 

Thus, 

The union of two sets A and B is the set C which consists of all those elements which 
are either in A or in B or in both. In symbols, we write 

A U B = {x • x g A or x &B orre both.4 and-B}. 

In other words, we say that A U B - {x ■ x belongs to at least one of the sets A and 

B } 

Example 1.13. Let A - {1, 2, 3} and B = {3, a, b} Let us find A U B and 
BUAl 

AUB = {1,2, 3,a,b} 

BUA = {3, a, b, 1, 2} 

You can easily see thatvl UB -BUA, since they consist of the same elements. 
In general, for any two sets A and-B, 

AUB = BUA 

and this follows from the definition of the union of .sets. This is known as the 
Commutative Law for the union of two sets 

Example 1.14- Let A = {1, 2, 3}. Let us find^4 UA 
AUA = {1,2,3} (Why?) 

Thus, 

A U A = A 

Again, it follows from the definition of “union” that AUA = A for any set A. 

Intersection of Sets 

When we draw two circles in the plane what do we mean by their intersection? We 
mean the set of points which are in both the circles. Similarly, if ^4 and B are any two 
sets we mean by the intersection of .4 with B, the set of all elements common to both 
A and B. We write the intersection ofvl with# in symbols as A n B which is read as “A 
intersection B.” We have 

A D B = {x :x e A and x e B} 

Example 1.15: Consider the sets A and-B of Example 111, You get 
A C\B = {2, 3} 

Example 1.16: Consider the sets H and F of Example 1.12. You get 
H IT F — {Shyam} 
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Example 1.17: Consider the sets A andfi of Example 1.13 You get 
ApB = { 3} 

Example 1.X8: For the set A of Example 1.14, we have 
A r\A = A 

The result of Example 1.18 is true for any set A. That is to say that 
ADA = A for any set A 

Example 1.19: Let A ={1,2, 3}, B = {4, 5, 6 }. Let us findA D B 
APB is the set of all those elements which are common to bothA andJS. Since A 
and B have no common elements, their intersection APB has no elements and as 
a result AC\B is the empty set. Hence, 

A Pi B = 0 

In Example 1.19 we have seen two sets whose intersection is the empty set 

If A and B are two sets such that A f| B = 0 , then we say that the two sets are disjoint. 
Thus, in Example 1.19 the sets A and B are disjoint. 

Example 1.20: Let us consider the sets H and F of Example 1.13. We have seen in 
Example 1.16 that H n F = {Shyam} Thus HpF is not empty, and so H and F 
are not disjoint. 


Exercises 1,3 

1. For the following sets find their union: 

(0 A = {a, e, i, o,u) \B = {a, b} 

(») X = {1, 3, 5} ; Y = {1 , 2 , 3} 

(lit) A = {x : x is a natural number and multiple of 3 .} 

B = {x :x is a natural number less than 6 } 

(iv) A = {x : x is a natural number and 1 < x < 6 .} 

B = {x : x is a natural number and 6 < x < 10.} 

(v) A = {1, 2,3},B = 0 

2. Let A = {a,b},B = {a ,b,c} Is A CF? What is A U 5? 

3. If A and B are two sets such that A c B then what is A U B7 

4 If A is any set, what is A U 0 ? 

5. Find the intersection of each pair of sets in parts (i), (ii), (iii) of Exercise 1 above. 

6 . Which of the following pairs of sets are disjoint? 

(0 {1,2, 3, 4} and {x : x is a natural number and 4 A x s 6 } 

(“) {«. e, o, »} and {c, d t ej} 

0*0 {* '• x an even integer.} and {x : x is an odd integer } 

7. For any two sets A and B, is it true to say that A flS = B HA? 

8 Find A n 0 for any set A . 
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1.4 Complement of a Set 

Usually, in a particular context, we have to deal with the elements and subsets of a 
given set which is relevant to that particular context For example, while studying the 
theory of numbers, we are interested in the set of natural numbers and its subsets such 
as the subset of all prime numbers, the subset of all even numbers, and so forth In a 
particular context, wc are interested in studying the properties of the subsets of a basic 
set. This basic set is called the “universal set.’’The universal set is usually denoted by 
U, and all its subsets by the letters A, B, C, etc. 

Let U be the universal set of all prime numbers. Let A be that subset of U which 
consists of all those prime numbers that are not divisors of 42; thus^l = {* : x e U and 
x is not a divisor of 42}. We see that 2 e U but 2 $ A, because 2 is a divisor of 42. 
Similarly, 3 e U but 3 & A, and 7 eU, but 7 g A. Now 2, 3 and 7 are the only elements 
of U which do not belong to^4. The set of these three prime numbers, i e., the {2, 3, 7} 
is called the “Complement of A” with respect to U, and is denoted by A'. So we have 
^' = {2,3,7} 

Thus we see that 

A ' = {* :x eU and* £ A }. This leads to the following definition. 

Definition 

If U is the universal set and A is a subset of U, then the complement of^4 with respect 
to U denoted by A’ is defined as. 

A ' = : x e U and x $ A } 

Where the universal set is clearly understood, we simply write A’ is the complement 
of A, omitting the phrase “with respect of.” 

Exampl^ 1.21: Let U be the universal set of all the students of class 9 of your 
school. Let ./l be the set of all girls in the 9th class Then .4' is the set of all boys 
in the 9th class. 

Example 1.22: Let U = {1, 2, 3, 4, 5, 6} and 
A = {2, 4, 6} 

Then A' = { 1,3,5}. 

If A is a subset of the universal set U, then its complement^' is also a subset of U. 
What is the complement of A"> That is, we have to find (A') 1 . In Example 1.22 above, 
we have 

A 1 ={1,3,5} 

Hence 

(A 1 )' = {x :x e U and* $A'} 

= {2,4,6} 

= A. 

It is clear from the definition of the complement that for any subsets of the universal 
set U, we have 

(A')' =A 
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Example 1.23: Let U = Set of all letters of the English alphabet. 

Thus U = {a, b, c, d, ..,x,y,z}. 

Let A = {a, e, i, o, u}, i.e,A is the set of all vowels. 

Hence: 

A' = set of all letters which are not in A 
= set of all letters which are not vowels 
= set of all consonants 
Now, what is (A')'? We have 

(A 1 )' = set of all letters which are not in A 

= set of all letters that are not consonants 
= set of all vowels 
= A 

Thus (A 1 )' = A 

Example 1.24: Let U = {1, 2, 3, 4, 5, 6 , 7} 

A = {3, 4,} and B = {4, 5,6}. 

Then A' = {1, 2, 5, 6 , 7} ; B' = {1,2, 3, 7} 

What is A' n 5 ' 9 Clearly 

A'DB' = {1,2,7} 

What is A U B1 It is easily seen that 
AU B = {3, 4, 5,6}. 

What is (A U B)'^ 

(A U B)' = {1, 2, 7} Hence, we see that 
(A U B) ' = {1,2, 7} = A‘ OB' 

It can be shown that the above result is true in general. 

If A and B are any two subsets of the universal set U 
then 

(A U B)' =A'C]B' 

Similai ly, 

(A n B) 1 = A' U B' 

These two results are stated in words as follows: 

The complement of the union of two sets is the intersection of their complements and 
the complement of the intersection of two sets is the union of their complements 

Exercises 1.4 

1 If U = {l, 2 ,3,4, 5, 6 , 7, 8 , 9}, find the complements of the following sets: 

0) A = {2, 4, 6 , 8 } , (ii) B = {1,3, 5, 7, 9} 

(hi) C = {2, 3, 5, 7} ( ( v) 0 , 

(v) U 

2. If U is the set of all natural numbers and A' is the set of all composite numbers, 
what isAt? 
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3. For the set A and C of Exercise 1, verify that 

(A U C)‘ = A' n C , and 
(A n C)' =A'UC' 

4 . Which of the following statements are true and which are false 9 

(0 w = 0, 00 0' = u 

(ui) For any two subsets, X and Y of U, 

(jsru y)' = X'\j Y' 

(rv) For any two subsets X and Yof U 
(XC\Y)' =X'n Y 

(v) For any two subsets S and T of U, 

(SU r)' = S' n T 

(vi) For any two subsets S and T of U, 

(5 nr)'= 5'nr 

5. Let U be the set of all triangles in a plane. If ^4 is the set of all triangles with at 
least one angle different from 60°, what is/1'? 

1.5 Venn Diagrams 

Most of the ideas about sets and their properties can be visualised by means of 
diagrams which are known as “Venn diagrams.” (Venn diagrams are named after the 
English logician, John Venn, 1834-1883). Usually, the universal set is represented by a 
rectangle and its subsets by circles, ellipses, etc. 

If it is necessary, we specifically mark the elements of the set inside the diagram 

Example 1.25 Example 1.26 




U 


In the above diagram: above diagram. 

U ={ 1 , 2 , 3 , 4 , 5 , 6 }, u ={ 1 , 2 , 3 , 4 , 5 , 6 , 7 }, 

A ={ 4 , 5 }. a ={ 5 , 6 }, 

B ={ 5 , 7 }. 
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Example 1.27 


Example 1.28 



disjoint. 


U 



In the above diagram, the shaded 
portion is yd n B 


Example 1.29 


Example 1.30 



U 


Fig 1.5 

In the above diagram, the shaded 
portion isyl U jB. 



In the above diagram, the shaded 
portion is^l'. 


Exercises 1.5 

1. If V - {a, c, t, o, u] and,4 = {a, t, o}, represents these sets in a Venn Diagram 

2. Represents the Following sets in a Venn diagram: 

(0 U~ {2,3,5,7,11},/! = {2,3} 

(«) U - {x: jr is a natural number and 2 < x < 8 } 
y4 = {x.xe Uandx divides 18.} 

B = {x\xe'U and x is a prime divisor of 18.} 
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3. If U is the universal set, A and B are subsets of U such that B CA, represent these 
sets in a Venn diagram 
4 Draw a Venn diagram for the following: 

(i) A OB when B C A 
(li) AUB when B C A 

5. If A, B and C are three subsets of the universal set U, draw a Venn diagram showing 
(i) AU(BUC), 

00 04 n B) n c, 

(«0 ( a u b) u cy, 

(tv) 04' nB)' n c, 

(v) From ( tii) and (tv) can you conclude that 

(A\jB)ocy = 04' ob)' nc 1 ? 

6 If A, B, and C are three subsets of the universal set U, draw Venn diagrams for the 
following: 

(i) B n C, when B C C; 

(n) A and C arc disjoint sets and bothy! and C are subsets ofB. 

1.6 Applications 

Consider the universal set 

U = {1, 2, 3, 4, 5, 6, 7} and the two subsets 
A = {3, 5, 7} and 
B = {1,2, 5, 6}. 

If a set 5 has only a finite number of elements, we denote by n ( S ) the number of 
elements of S. Thus in the above sets 
n(U) = 7, 
n (A) = 3, 
n (B) = 4, 

What iSj4UjB? AUB = {1, 2, 3, 5, 6, 7} 

What is n {A U B)1 n(4UB) =6 
What is n (A fl B ? Since A OB = {5}, n (AO B) =1 
Now n (A U B) + n(A OB) = 6+1 = 7 
Also n (A) + n ( B ) =3 +4 = 7 
Thus, in this case we have 

n (AUB) + n (A O B) = n (A) + n (B), 
i e , n (A U B) = n(A) + n(B) — n(A fl B) 

This result is true in general. For any two sets A and B, with finite number of 
elements, we have the following formula 

n(A U B) = 7i (A) + /i(B) — n(A n B) 

Try to give a proof of the above formula using Venn diagrams. 

Example 1.31: Let us verify the above formula 
Let A = {a, b, c, d, e} 

B = {a, e, i, o,u\ 
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AUB = {a,b,c,d, e,i,o,u} 

\ n(AUB) = 8 
A (T B = {a, e,}, 
n(A n B) = 2 

Further, n(A) — 5, n(B) - 5 

Now n(A) + n(B) - n(A nB) = 5 + 5 — 2 = 8. 
.• n(A U B) = «(/4) + n(B) — tt(A fl B) 


Example 1.32: If A and B are two sets such that ,4 U B has 18 elements, A has 8 
elements, and B has 15 elements, how many elements does A H B have? 

Solution; We have 


n(AUB) = 18 
n(A ) = 8 

n(B) = 15 

We have the formula 

n(A U B) = n(A) + n(B) — n(A fi B ) 
So we have 18 = 8 + 15 — n (A (~l B) 

\ n (A n B) = 23 - 18 = 5 
>i (A 0 B) = 5 


Second Method: We can also solve 
the above example as follows. 

We want to find n(A nB). Letn 
(A n B) = x, and in Fig, 1 7, mark 
x in the portion corresponding to 
A n J3. Now a (^4) = 8. Out of these 
8 elements, x have already been 
marked The remaining 8 — x we 
now mark in .4 outside the A fl B 
portion. Also n ( B ) = 15. Again, 
x elements have already been 
marked. The remaining 15 — x 
elements we mark in B outside the 



Fig. 1.7 


A D B portion. Now, from the above diagram we get 
n(A U B) = (8 - x) + x + (15 - x ) 

= 23 - x. 


But we are given that n {A U B) = 18 
.-. 18 = 23. - x 


.-. 18 = 23 - x 
Hence, n {A n B) = x = 5. 


Example 1.33: In a class of 30 students, twenty students like to play cricket, and 
3 like to play football. Also, each student likes to play at least one of the two 
games. How many students like to play both cricket and football? 

Solution: We have the formula: n(A U B) = n(A) + n(B) - n (A n B). 

Let A be the set of students who like to play cricket Let B be the set of students 
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who like to play football Then.4 U B is the set of students who like to play at least 
one game; and^4 0 B is the set of students who like to play both games. 

We have n(A) = 20, n (B) = 15; n (A U B) = 30. 

Fiom the formula we get 

30 - 20 + 15 - n(ADB) 

It is now easily seen that 

n (A n B) = 5 

■ 5 students like to play both games. We give below the Venn diagram for the 
above problem: 


(20 - *) + x + (15 - *) = 30, 

So, 35 — * = 30, and thus* = 5 

Example 1.34: In a group of 50 
people, 35 speak Hindi, 25 speak 
both English and Hindi, and all the 
people speak at least one of the two 
languages. How many people speak 
only English and not Hindi? 
Solution: Let H denote the set of 
people speaking Hindi;'£ the set df 
people speaking English. We draw 
the Venn diagram 



Fig. 1 8 


We first mark 25 in the common 


portion because 25 speak both Hindi 
and English. Then, since 35 speak 
Hindi and of these 25 have already 
been marked 10 is marked in the 
remaining portion in H. Now we do 
not know how many speak English 
only, and so we mark* there. We get 
n(H U E) = 10 + 25 + * 



= 35 + * 


Fig. 1.9 


But we are given n(H U E) = 50 


/ 50 = 35 + * 


.■. * = 50 — 35 = 15 

Thus 15 people speak only English and not Hindi. Since* = 15, we get from the 
Venn diagram 

n(E) = 25 + * = 25 + 15 = 40 
Hence 40 people speak English. 
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Exercises 1.6 

1 If A and B are two sets such that n(A) = 17, n(B) = 23, n(A U JB) — 38, find 
n(A Pi B) 

2. If A and B are two sets such that A has 12 elements, B has 17 elements, and A U B 
has 21 elements, how many elements does ^4 n B have*? 

3. If S and T are two sets such that S has 21 elements, T has 32 elements, and S n T 
has 11 elements, how many elements does S U T have? 

4 If X and Y are two sets such that X has 40 elements, X U Y has 60 elements and X 
D Yhas 10 elements, how many elements does Yhave? 

5. If A and B are disjoint sets, show that 

n (4uB) = «(v4) + n(B) 

6. In a group of 70 people, 37 like coffee, 52 like tea and each person likes at least 
one of the two drinks, How many people like both coffee and tea? 

7 In a group of 65 people, 40 like cricket, 10 like both cricket and tennis How many 
like tennis only and not cricket‘d How many like tennis? 

8. In a committee 50 people speak French, 20 speak Spanish and 10 speak both 
Spanish and French. How many speak at least one of these two languages? 



CHAPTER 2 


Real Numbers Functions and Graphs 


2.1 Rational Numbers 


You are familiar with the numbers 1, 2, 3, , which are used in counting objects. 

Hence, these numbers are called counting numbers They are also called natural 
numbers. The set of all natural numbers is denoted by “N.” Thus, 

N = {1,2,3, 


The three dots after the number 3 stand for the natural numbers which come after, 
3, namely, the numbers 4, 5, 6, and so on You know that two natural numbers can be 
added, and their sum is again a natural number This property of natural numbers is 
described by saying that the set of natural numbers is closed with respect to the operation 
of addition As regards the operation of subtraction, this propeity does not hold good 
Subtracting one natural number from another does not always lead to a natural numbei. 
For example, if you subtract 8 from 5 you do not get a natural number. This is so because 
there is no natural number which can be added to 8 to get 5 The introduction of 
negative integers — 1, —2, — 3,.. and the number 0 (zero) enabled us to remedy this 
defect. The negative integers, the number zero, and the natural numbers (also called 
positive intcgeis), taken together form a set which is called “the set of integers,” and 
is denoted by “Z ” Thus, 

Z = {. ., -3, -2, -1,0,1,2, 3,. .} 

The sum of any two integers (positive, negative or zero) is always an integer, and if 
you subtract an integer from any other integer, the result is always an integer. Thus we 
see that the set Z is closed with respect to the operations of addition and subtraction 
The set Z of all integers has another property. If one integer (positive, negative or 
zero), is multiplied by another integer (positive, negative or zero), the product is again 
an integer. Thus the set Z is closed with respect to the operation of multiplication. But 
Z is not closed with respect to the operation of division, which is the inverse of 
multiplication. For example, there is no integer by which you can multiply 3 to get 2. 
Such a situation necessitates the introduction of new numbers. A new number, 


2 2 

denoted by the symbol is introduced with the property that the new number — multiplied 


2 

by 3, gives 2 ^ is not an integer and is called a rational number , which is read as “2 
divided by 3,” “2 by 3” or “2 upon 3.” 

In general, ifp is any integer and q is a non-zero integer, then the symbol — represents 
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a rational number, which has the property that its product with q is Lhe integer p. In 

this manner with every pair of integers p and q,q ^ 0, a lational number - can be 

Q 

associated The condition that q 7 * 0, is necessary, as division by zero is not 
defined Thus the introduction of rational numbers makes it possible to perlorm the 
operation of division. 

The set of all rational numbers is denoted by Q Thus, 


U = {- P and q 


When we write a rational number in the form —, there is no loss of generality in taking 
q > 0, whereas p may be positive, negative or zero We will follow this convention. 
Every integer (positive, negative or zcio) can be written in the form — , where q = 1 

F 01 example, 3 = y, —5 = — or 0 = y and so forth Hence it is clear that every 

integer is a rational number and that the set Z of all integers is a subset of the set Q 
of all rational numbers In symbols, Z C Q 
Just as, corresponding to every positive integer n there is a negative integer — /*, 

similarly, corresponding to every positive rational number ~ there exists a negative 
rational number — 

q 

In a lower class you learnt the methods of adding and multiplying two rational 
numbers. You also learnt as to how to subtract a rational number from another and 
how to divide one rational number by another non-zero rational number. These 
operations, as defined for rational numbers, are quite consistent with the 
corresponding operations defined for integers This means that performing an 
operation with two integers, treating them as rational numbers, will give the same 
result, as is given by performing the corresponding operation with them as defined for 
integers 


Two rational numbers and ~ are said to be equal to each other if and only if 

ps = rq Stated differently 
p r 

— = —, n and only if ps - rq = 0 
Also, 


and 



if and only if ps 


rq > 0 


P 

q 


< 


—, if and only lips — rq > 0 


IfF k m and q — k n, where k and n are positive 


integers, and/?, ni are either both 
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pm p m 

positive or both negative, then — = —. For p n = k m.n = m.k n = m q Hence — = — 

For example, ^ ~ \ ' Slnce 4 = 2x2 and 6 = 2x3 


It follows from the above discussion that the set Q of rational numbers is closed with 
respect to the four fundamental operations of addition, subtraction, multiplication and 
division with the provison that division by zero is not defined It is also now clear that 
given two rational numbers a and b, only one of the following three possibilities will 
hold good: 

either a = b, or a > b, or a < b. 

Stated differently, if a and b are two distinct (non-equal) rational numbers then one of 
them is greater than the other The relation ‘greater than’ is called Order Relation This 
order relation has the following properties: 

1. If a and b are rational numbers, then only one of the following three 
possibilities will hold good: 

(i) a > b ,(u) a = b, (in )b > a (We have already noticed this 

property) 

2. If a > b and b > c, then a > c, for a, b, c in Q 

3 If a > b , then a + c > b + c, for a, b, c in Q 

4. If a > b ,c > 0, then a c > b c, for a, b, c in Q 

The order relation defined in the set of rational numbers will be more clearly 
understood when we consider their representation on the number line in the next 
section 


2.2 The Number Line 

We will now consider the representation of rational numbers on a straight line, which 
extends endlessly in both the directions, as shown in the figure below, Fig. 2 1 



Fig 2.1 


The straight line / extends in both the directions endlessly as indicated by the 
arrowheads. Choose a point on / and label it 0 (zero) Next, choose another point on 
the line l to the right of 0 and label it 1 (one). We agree that the point 0 represents the 
number zero and the point labelled 1 represents the number 1. The length of the line 
segment between the points 0 and 1 is the unit length for our purpose Again, mark on 
/, to the right of the point 1, points labelled 2, 3, 4, 5, .. in such a manner that the line 
segment between any two consecutive points, is of unit length. The points labelled 2, 3, 
4, represent respectively the numbers 2, 3, 4. Since the line l extends endlessly on the 
right of the point 0, to every positive integer there will correspond a point on l. 
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Similarly, mark points -1, -2, -3, and so on the line / to the left of the point 0 In 
this way to every negative integer there will correspond a point on / to the left of 0 , for 
the line / extends endlessly to the left of 0 . 

The point on /, representing the number 1, has been labelled 1, and the point 
representing the number 2 , has been labelled 2 , and this is the case with every integer 
There is a good advantage in this manner of labelling points on /. This enables us to 
identify the number with the point which represents the number We can now speak at 
the points as the numbers 1, 2, 3, .. The point 0 is called the origin, and the half line 
to the right of 0 is called the positive half line, since the positive numbers are located 
on it The half line to the left of 0 is called the negative half line 


Addition on the Number Line 

The numbers on the number line l are located from left to right in increasing order. 
This means that of two numbers the greater one is on the right ol the smaller one For 
example, since 4 is greater than 3, the point labelled 4 is on the right of the point 
labelled 3 Similarly, -1 is on the right of -3, since -1 > -3 Anothei advantage of 
the number line is that the results of adding two integers and of subtracting one integer 
from another can be found at a glance For example, in adding 3 to 2 we have just to 
count 3 unit segments to the right of 2 and we reach 5 which is the answer. But if we 
have to add a negative integer, (or subtract a positive integer), we have to count as 
many unit segments to the left For example, if —3 is to be added to 4, then we have to 
count 3 unit segments to the left of 4 to get 1 Adding a positive integer or subtracting 
a negative integer means counting as many steps to the right. For example, if —3 is to 
be subtracted from —1, then we have to count 3 unit segments to the right of — 1. This 
gives 2 . 


Representation of Rational Numbers 

Next, we consider the representation of the rational numbers on the number line l. 
The midpoint of the segment between 0 and 1 represents the number i Mark on / to the 


right of the point i new points such that the length of the line segment between two 
consecutive new points has half the unit length These points will successively represent 
the numbers > \ , -5 , • ■ • Thus all those positive rational numbers which have 2 as 

their denominators will be represented by points on / Repeating the same process to 
left of 0 , we get all negative rational numbers which have 2 as their dcnomifialois, e.g. 

the numbers j, ,. . Next, taking one-third of the unit length and marking 

points on/to the right of 0 such that the length of the line segment between any two 
successive points is one-third of the unit length, we get points on/which respectively 

represent rational numbers ^ - \ > \ > f > f . ■ Thus a!1 the positive rational numbers 
having3 as the denominator will be represented on/. In the same way we mark points 
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on the left of 0, to represent negative rational numbers 


-L —2 -3 -4-5 
3 ’ 3 ’ 3 ’ 3 ’ 3 


Similarly, we mark points on / to the right of 0 corresponding to positive rational 
numbers having denominators 4, 5, 6, 7, 8,. . , and repeating the same process to the 
left of 0, we get points representing the corresponding negative rational numbers In 
this way all the rational numbers will be represented by points on the number line /. 
Some of the rational numbers are represented by points on / in the following figure 


-4 

4 

V t 
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Fig. 2 2 


It will be noticed that certain points on the line l appear to represent more than one 
rational number. For example, the point, representing the positive integer 2, also represents 
4 6 S 

the numbers and so on There is nothing unnatural about it, since 

^ ^ ^ —2. Hence there is no ambiguity about this representation. Thus every 

rational number is represented by one and only one point on the number line. A 
question naturally arises here. Does every point on the number line represent a rational 
number? The answer to this question is in the negative, and we will give in Section 2.4 
the justification of this answer. 


2.3 Non-rational Numbers 


We first prove that there is no rational number whosejquare is 2. 

Proof: Since l 2 = land2 2 = 4, it follows that u 2 is the square of a positive 
rational numbei, it cannot be an integer and it must be greater than 1 Suppose 
that there is a rational number ^ such that its square is 2. Without any loss of 

generality we can suppose that the integer q is greater than 1 and that p and q 
have no common factois. Then 


2 ' ? 2 

Multiplying both the sides of this equality by q we get 
P 2 



22 


MATHEMATICS 


2 

Now 2 q is clearly an integer. On the other hand ,p and q have no common factor, 

as p and q have no common factor, so that — is a fraction different from an integer, 
2 ^ 

forq > ]. Hence 2q =* — This contradiction proves that our assumption is false 

and that 2 is not the square of a rational number 
The reasoning, followed in proving that 2 is not the square of a rational number, can 
be applied to show that the numbers 3, 5, 6 and 7 are not squares of rational numbers 
In general, it can be shown that a positive integer m, which is not a perfect square (i.e , 
which is not the square of a positive integer), is not the square of a rational number 
The proof of this general statement is similar to the proof of the fact that 2 is not the 
square of a rational number. 

2.4 Inadequacy of Rational Numbers 

We use rational numbers very often in everyday life When we measure lengths, or 

distances, or weights, we use rational numbers, e g , metres, 5^- kilometres or 3- 

L 4 4 

kilograms As we will now show, there are lengths which cannot be measured in terms 
of rational numbers. Before we do that let us recall a result from geometry, the so called 
Pythagoras theorem. 

The square of the hypotenuse of a right angled triangle is equal to the sum of the squares 
of the other two sides. 

Let ABC be a right-angled triangle, right-angled at B, such that AB = BC = 1 unit. 
Suppose that AC = a; units Then by the Pythegoras theorem 
AC 2 = AB 2 + BC 2 
i.e.x 2 =1+1 = 2. 

Since x = 2, x cannot be a rational number, 
as we saw earlier in Section 2 3 Thus the length 
of AC cannot be measured in terms of rational 
numbers. 

This shows the inadequacy of rational 
numbers m measuring lengths, however, the 
segment AC has a finite length and we have to 
express it in numbers using the unit of length. It 
can be said that there is a non-rational number 
whose square is 2 and therefore, this number is denoted by \J1 enabling us to say that 
the length of the hypotenuse is \/2 units. Instead of using the term “non-rational,” we 
say that \/2 is an irrational number. Similarly, we define s/\ -y/5, V7 and say that they 
are irrational numbers. 

Let us try to represent the number \J2 on the number line /. Denote the point 0 on 
the line / by A, and the point 1 byB. Then the line segment AB is of unit length At the 
point B draw a straight line perpendicular to the line / and cut off a segment BC of unit 


A 
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length from this perpendicular line. Withy! as centre, andAC as radius draw a circular 
arc. Let this arc intersect the line / in p as shown in the figuie 2 3 (b). ThenyLf’ = AC. 
Since A. ABC is a right-angled triangle, with its right angle at B, andAB = BC =1, it 
follows from the Pythagoras theorem that AC = \/2 Hence AP = \J2. 

Thus the point P on the number line corresponds to the irrational number \/2 We 
have now discovered a point on the number line which does not represent any rational 
number. Geometrical constructions can be devised to identify the points on the number 
line, which correspond to the irrational numbers \/3, \/5, and so on. It may be 
pointed out here that irrational numbers are not obtained only by the method of root 
extraction as is the case with y'l, \/3, and so forth We shall discuss later a general 
method of identifying irrational numbers It may, however, be mentioned here that 
there are infinitely many irrational numbers, and in a sense, there are “more” irrational 
numbers than rational numbers 

It will be observed that in the piocess of representing rational numbers by points on 
the line l, we were free to choose two points, which were labelled 0 and 1 The rest of 
the points were determined with the help of the unit length, which was known once the 
points 0 and 1 were identified. This means that all the rational numbers can be 
obtained, starting from the number 1, by using the four fundamental operations of 
arithmetic. As regards the iirational numbers, we have to go beyond the four 
fundamental operations 

2.5 Properties of Rational Numbers 

In the set Q of all rational numbers there are two basic operations, namely, the 
operation of addition ( + ) and the operation of multiplication (.) Subtraction and 
division are respectively inverse operations of addition and multiplication. You know 
that the sum of two rational numbers is a rational number and the product of two 
rational numbers is also a rational number This means that the set Q is dosed with 
respect to the two operations ( + ) and (). There are certain familiar properties, 
satisfied by Q in relation to the two operations, which we list below In what follows we 
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use the letters a, b, c for rational numbers. 

1 a + b = b + a for all a, b e Q (Commutative law for 

addition ) 

2. (a 4- b) + c = a + (fi + c) for all a, b, c e Q (Associative law for 

addition ) 

3. The rational number 0 is such that 

a + 0 = 0 + a = a for all a <= Q (Additive identity) 

4. To each a e Q, there is a number — a e Q 

such that a + ( — a) = ( — a) + a = 0 (Additive inverse) 

5 a.b = b.a for all a, be Q (Commutative law 

for multiplication) 

6 ( a.b).c = a (b c) for all a, b, c s Q (Associative law for 

multiplication) 

7. The rational number 1 (unity), is such that 

la = a 1 = a for all a e Q, (Multiplicative identity) 

8. To every non-zero a e Q there corresponds a 

■ 1 11 
rational number - such that a.- = - a = 1, (Multiplicative inverse) 

9. For a, b, c e Q 

a (b + c) ~ a.b + a c and i (Distributive law) 

{a + b).c - a c + b.c i 

The system { Q, + , } is said to be a Field because of the nine properties listed 
above. Simply speaking, the rational numbers under the usual operations of + and . 
form afield It is called the field of rational numbers 

You have been using all the nine properties listed above all the while. They have 
been listed here because later, when you come across systems, other than the rational 
numbers, satisfying the above properties, you may recognize them as fields 


2.6 Decimal Representation of Rational Numbers 

You know that every rational number can be represented either as a terminating 
decimal or as a non-terminating repeating decimal, For example, — = 0.5, — = 1 4, 
1 7 2 5 

and - = 0.333 ■ • , g = 1.6666 . In the decimal representation of j , the digit 

3 goes on repeating, and in the representation of g-, the first digit before the decimal 

point is 1, and after 1 the digit 6 goes omrepeating. You are perhaps familiar with the 
o lowing result. Ifp and q are positive integers, having no common factors the rational 

number - will have a terminating decimal only when the prime factors of q arc only 

twos and fives, i.e. q = 2 m x 5 n , m, n = 0,1,2,3,... For example,2”, and^ will 
all have terminating decimal representations. (The proof is no? difficult and should 



REAL NUMBERS FUNCTIONS AND GRAPHS 


25 


be given in the class room by the teacher concerned) Repeating decimals are also 
called ‘periodic decimals’ or ‘recurring decimals’. Repeating decimals which consist 
of only one repeating digit, are written simply by putting a dot( ) above the repeating 

digit, e g , = 1.6666 . is written as 16 If, however, the number of digits in the 


repeating part is more than one, then a dot is put on the first digit and another on the 
last digit of the repeating pait, e.g., 1 ^ = 2.142857142857 .., which is simply written as 

2 142857, meaning thereby that the entire block of six digits 142857 is repeating. 
Sometimes a line, called v inculu m, is drawn covering the entire block of repeating 
digits, e g = 2.142857 


Conversely, every terminating decimal and every repeating decimal can be converted 

into a rational number of the form — ,wherep and 17 are integers, q > 0. For example, 

? 

25 1 

0 25 = jqq- = A different method is needed to convert a repeating decimal into 


a fraction ^. Take the decimal 0 333 Let.r = 33.3 . Multiplying both the sides by 

10 we get 10 x = 3 333 = 3 + x 

.. 10c - a: =3 


i.e. 9x = 3, and* = J = ~ 

This method, however, needs justification, which cannot be given here But the 
method is correct. 

A decimal with a repeating 9 can be converted into a terminating decimal by 
increasing the last digit before 9 by one. A terminating decimal can be converted into 
a repeating decimal either by adding a repeating zero to the right of the last digit after 
the decimal point, or by reducing the last digit by 1 and adding a repealing 9. For 
example, 0.1999 . = 0.2 

and 0 1 = 0.100000 ... V 

or 0.1 = 0 09999.. 

It is, thus, clear that the same number can have three types of decimal 
representations. In order to make the decimal representation unique we adopt the 
convention that a terminating decimal will be represented as a decimal with a repeating 
zero and a decimal with a repeating 9 will be cpnverted into a decimal with a repeating 
zero This convention enables us to assert that every rational number has a unique 
(non-terminating) repeating decimal representation and conversely, every repeating 
decimal represents a rational number. 

Example 2.1: Between any two distinct rational numbers, a and b, there exists 
another rational number.- 

Proof: Since a and b are distinct, there is no loss of generality in supposing that 
a < b. The number a + ^ is rational, anda < — < 
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D a -f- b ^.a + a 
For, —=— > 


= a, since b > a 


2 ' 2 
Again, = b, since b > a 

Thus,« < A_+_b < 5 

Second Proof: b is greater than a by b — a 

■. a < a +(—^ < b, 

i.6., a <-2- < b > 

Hence, a < — b < b 

For inserting n rational numbers between a and b, divide (b — a) by (n + 1) and the 


required rational numbers will be a + 


a + 2 ( b - a ) a+ 3(b —a) 
n + 1 , ii TT’ a h F + l " 


, Cl + 


n(b — a) 


TFT 

The proof is simple and is left to the reader 
tFi*'v°rollary: it follows from this result that between two distinct rational numtiers 
^ there are infinitely many rational numbers 

Example 2.2: Prove that 7 is not the cube of a rational numbei 

Proof: Suppose, to the contrary, that there is a rational number P - such that 

<1 


/ 


<T ^ = 7 ' 

Since l 3 = 1, and 2 3 = 8, it follows that 1 < - <2 

Q 


Then q > 1, for if q —1, — will bean integer, and theie is no integer between 
1 and 2. q 

We can also suppose that p and<? have no common factors, because if they had any 
common factor, that will cancel out and the new numerator and denominator will have 
no common factor 

Now, 1 = 

q 

Multiplying both the sides by q 2 wc get 

Iq 2 = i ? 3 
q 

q being an integer Iq is an integer, and since q > 1 and q docs not have a common 
factor with p and consequently with p 3 So, t is a fraction different from an 
integer, Thus Iq 2 * 1 . This contradiction proves the result 
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Exercises 2.1 


1, Represent the following rational numbers on the number line: 


0 ) 


8 


("') l 

(v) 2 51 


( \ 15 

(") 7 

(iv) 13 

(vi) 3 13 


2 Give three rational numbers lying between ir and ^ fj 

3 ij 


11 

Give four rational numbers lying between and y 

Find three rational numbers lying between 0 and 0 1 Find twenty rational numbers 
between 0 and 0.1. Give a method to determine any number of rational numbers 
between 0 and 0 1. 

2 1 

Find three rational numbers lying between - -, - ±. 

Which of the following rational numbers have the terminating decimal 
representation^ 

00 7 


w ! 
(“0 1 

, x 13 
^ 125 


(«v) 


20 

27 

40 


, . 23 

O'O 7 


Hint: Use the result that a rational number — where p and a have no common 

q 

factor(s) will have a terminating representation if and only if the prime factors of q are 

2’s or 5’s or both (In 40 = 2 3 x 5 and in , 16 = 2 4 ) 
v 40 16 

1 2 

7 Find the decimal representation of y-,y- Deduce from the decimal representation 

of y, without actual calculation, the decimal representation of y, y, y and y. 

8 If a and b are two rational numbers, prove that a + b,a-b, ab are rational 

numbers. If b ^ 0, show that ^ is also a rational number 

b __ 

9 You have seen that yJ2 is not a rational number Show that 2 + \/2 is not a rational 
number. 
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10 Prove that 3y/3 is not a rational number. 

11 Show that \/6 , ^3, ,^5 are not rational numbers 

12. If a is a positive rational number and n is a positive integer greater than 1, prove 
that a n is a rational number. 

13 Let in, n be positive integers such that m> 1, n > 1 and m is not a perfect nth 
power, i e., there is no positive integer p such that p n = m. Prove that there is no 
rational numbers such that a n = m. 


2.7 Irrational Numbers 

As we remarked in Section 2.4, irrational numbers are not obtained only by extracting 
squaie roots or cube roots of positive integers which are not perfect squares or perfect 
cubes As we will see below, irrational numbers are represented by a special type of 
decimals. For the sake of simplicity, we consider here numbers which lie between O'and 
1 

According to a convention adopted by us in Section 2 6, eveiy rational number is 
represented by a non-terminating repeating decimal, and conversely every 
non-terminating repeating decimal represents a rational number This representation 
is unique. Now consider the following decimal expression 

0 101001000100001 ... ( 1 ) 

Observe that in the above decimal expression (1), on the right ol the decimal point 
there are either l’s or zeros, and that the l’s are separated respectively by one zero, 
then two zeros, then three zeros and so on. Thus the number of zeros separating two 
successive l’s goes on increasing by 1 successively. This shows that the decimal 
expression (1) is non-terminating and non-repeating Hence it cannot represent a 
rational number. We say that the decimal expression in (1), by definition, represents 
an “irrational number.” We will see later that irrational numbers like x/2, \/3 also have 
non-terminating and non-repeating decimal representations 

Denoting the irrational number, given in (1), provisionally by a, let us examine as to 
where this irrational number a stands in relation to rational numbers, and also see 
whether there is a point corresponding to a on the number line /. It is easily seen that 

0.1 < a < 0 2, where 0.1 and 0 2 are rational numbers 
Further, 0.101 < a < 0 102. 

Again, 0.101001 < a < 0.101002, 
and so on. 

Continuing in this manner, we find closer and closer approximations of the irrational 
number a by rational numbers 

Let us locate this irrational number a on the number line l 
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Fig. 2.4 

First, we observe that a lies on the line segment whose end points are 0.1 and 0.2 
Then, we observe that a lies on a smaller segment with end points 0 101 and 0 102. It 
is easily seen that this second segment is completely contained in the first segment. 
Again, a lies on a still smaller segment with end points 0.101001 and 0.101002. This 
third segment is completely contained in the second segment. Thus we see that there 
is a succession of small segments, each containing the number a and each segment 
containing the following one, in such a manner that the lengths of the segments go on 
decreasing successively. Hence we can intuitively see that this succession of segments 
will shrink into a point p on the line /. Since every segment contains a, this point p 
represents the irrational number a, given by the non- terminating and non-repeating 
decimal in (1). Some of the successive segments containing the irrational number a are 
shown in Figure 2.4. The preceding discussion has enabled us to arrive at the following 
conclusions - 

1 An irrational number can be approximated, as closely as we like, by 
rational numbers, 

2. To an irrational number, there corresponds a unique point on the number 
line /. 
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2.8 Decimal Representation of Irrational Numbers 

We saw in an earlier section that \J2 is an irrational number. Let us find out whether 
\J2 has a decimal representation, and if so, examine the nature of the decimal 
representation The piocess of finding the square root of 2 by the division method can 
give us the decimal representation of \J2. We will, however, follow here a more 
elementary method. It is easily seen that 
1 2 = 1<2<4 = 2 2 
Taking positive square roots we get 
1 < \J2 < 2. 

Next, 

(1 4) 2 = 1 96 < 2 < 2 25 = (1 5) 2 . 

Taking positive square roots again, we have 
1.4 < V2 < 1-5 

Further, 

(1 41) 2 = 1.9881 < 2 < 2.0164' = (1.42) 2 
Again, taking the positive square roots, we obtain * 

1.41 < V2 < 1-42 

If we continue this process the next step will lead to the following inequalities 
1 414 < a/2 < 1 415 

Proceeding in this manner, every new step will give us a closer decimal 
approximation of \J2 than the previous step. The eighth step will give Lhc following 
inequalities- 

(1.4142135) 2 _= 1.99999982358225 < 2 < 2 00000010642496 = (1.4142136) 2 
Hence 1.4142135 < x/2 < 1.4142136 
This is a_very close approximation of \/2 

Since \J2 is not a rational number, this process will not terminate and will lead to a 
decimal expansion which will not terminate, nor will it be repeating. Hence the 
non-terminating and non-repeating decimal expansion of \J2 will be given by 
y/2 = 1.4142135 . (2) 

Where the dots indicate that this decimal representation will not terminate 
Similarly, we can show that the decimal representations of s/7>, V5, \\/l, and other 
non-rational numbers obtained by processes of root extractions, will not terminate nor 
will they be repeating Hence we conclude that 

A number is irrational if and only if its decimal representation is non-terminating and 
non- repeating. 

We can find numerous decimal expressions, like what is given in (1) of Section 2 7, 
by changing the digits and by varying the frequencies of a digit’s occurrence in the 
decimal expression. For example, consider the following three decimal expressions 

(i) 0.12112111211112 ... ‘ 

(ii) 0.020020002 . . 

(ui) 0.3000300003000003 . 
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All the three decimal expressions represent irrational numbers We can go on 
multiplying such examples endlessly Hence we conclude that 

There a r e infinitely many irrational numbers. There is a point on the line l corresponding 
to every irrational number 

We can locate these points on the line l as we did for the irrational number a, given 
by the decimal expression in (1) of Section 2 7, Thus we see that on the numbei line l 
there are infinitely many points which do not correspond to rational numbers 

It was proved earlier that between two distinct rational numbers, howsoever close 
to each other they may be, there are infinitely many distinct rational numbers. This 
result gives the impression that rational numbers are very ‘densely’ located on the 
number line l Now we find that, even though the rational numbers are densely located 
on the line /, infinitely many points on / are left out and these points correspond to 
irrational numbers. Rational numbers and irrational numbers taken together form the set 
of Real Numbers This set is denoted by R. Thus every real number is either a rational 
number or an irrational number In either case, it has a non-terminating decimal 
representation. If this representation is repeating (including repeating zeros) it is a 
rational number, and if it is non-repeating it is an irrational number. It is cleai that 
Q C R. Also, corresponding to every real number there is a unique point on the number 
line / It can also be shown that every point on the line l corresponds to a real number 
(rational or irrational). Let us now state the final conclusion- 

To every real number there corresponds a unique point on the number line, and 
conversely, to every point on the number line there corresponds a real number 
It may be noted that this correspondence it one-to-one, and for this reason the 
number line is called the ‘real number line’ 

2.9 Operations with Real Numbers 

Now that we have extended the number concept from rational numbers to real 
numbers, it is natural to ask whether the fundamental operations of addition, 
subtraction, multiplication and division can be extended to the real numbers also. The 
answer is - “yes, the operations can be extended to the real numbers.” In the first place 
we observe that the order relation ‘greater than’ holds in the case of real numbers also. 
Given two distinct real numbers, one of them is greater than the other. The greater real 
number lies to the right of the smaller one on the real number line. Every real number 
on the right of 0 on the number line is positive and every real number on the left of 0 
is negative Corresponding to every positive real number a there is a negative real 
number — a. As regards the operation of addition, two real numbers can be added on 
the number line. When we add two rational numbers, we get the answer in-a compact 

form. For example, ^ ^ = 1 the °ther band, although the sum of two 

real numbers is a real numbqr, it is not always written in a simplified form. For example, 
the sum of 2 and \Z3js just written as 2 + \/3; also the sum of \f2 and \/3> is just written 
as \J2 + y/3. As regards multiplication, defining the product of two real numbers is 
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not easy on the number line. It is, however, true that the product of two real numbers is 
always a real number. The product of 2 with V3 is simply written as 2V3, and the 
product of x/2 and \/3 is written as y/2. \/3 or y/2.3 = y/6. We similarly deal with the 
operations of subtraction and division. Division by zero is not defined 

Real numbers also possess all the properties of rational numbers listed in Section 
2.5. You have only to replace there the word ‘rational’ by real and the set Q by the set 
R, Thus the set R of real numbers is also a field under the operations of addition ( + ) 
and multiplication (.). Real numbers are also ordered. There is however, an important 

difference: 

Every point of the number line corresponds to a real number. This is not true of rational 
numbers. 

2.10 Absolute Value of a Real Number 

Let a be a real number (rational or irrational) Then there is a point on the number 
line l which corresponds to the number a. The distance of this point from the point 0 
is called the absolute value of a. Since distance is always non-negative, the absolute 
value of a number (positive or negative ) isalways non-negative. The absolute value of 
a real number a is written as | a |. 

Thus, 

| 2 | = 2 and | -2 | = 2 . 

We can also say that 

| a | = a if a > 0 , 
and 

| a | = —a if a < 0 . 

Thus, 

| 3 | = 3 since 3 > 0. 

and 

| — 3 | = — (— 3) = 3, since — 3 < 0. 

The absolute value of 0 is 0, and the absolute value of a non-zero real number is 
always positive 

Example 2.3: Find all the real numbers x on the number line which satisfy the 
inequality | x | < 2 , 

Solution: Suppose* > 0. Then the inequality \ x \ < 2 will reduce to* < 2 and 
* > 0 . 


-t -o- 

-2 


-1 


—I-1-o—-v 

0 1 2 

Fig. 2.5. 


This means that all the points on the number line lying between 0 and 2, including 
0 and excluding 2, will satisfy this part of the inequality. 

Now, let* < 0. Then | * | = -* 
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If — x < 2, then x > —2 (An inequality is 

Since .t < 0, we have — 2 < x < 0. 


reversed by changing signs ) 


Hence all the points lying between -2 and 2, excluding the points -2 and 2, will 
satisfy the inequality | x | < 2 


Example 2.4: 



(/ ) If a is irrational, then — a is also irrational 
(u ) The sum ot a rational number with an irrational number is 
always irrational 

(ui) The product of a non-zero i ational number with an irrational 
number is always irrational. 


Proof: (i ) Let a be irrational If —a is not irrational, then — a must be 

rational, since it is a real number. We know that the negative 
of a rational number is always rational, hence — (—a) must 
be rational But —(—a) = a, which is irrational This 
contradiction proves that our supposition that —a is not 
irrational is false This proves the result. 

(n ) Suppose that a is l ational and b is irrational Now, if a + b 
is not irrational, then a + b must be rational. If we subtract 
the rational number a from the rational number (a + b), then 
the remainder must be rational. But (a + b) - a = b, which 
is irrational. This contradiction proves that a + b must be 
irrational 

(ni) Let a be a non-zero rational number, and b an irrational 
number. If a.b is not irrational, a b must be rational. Now, 
dividing the rational number a b by the non-zero rational 
number a will give a rational number, but when we divide a.b 
by a we get b which is supposed to be irrational This 
contradiction proves the result 


Example 2.5: The sum and product of two rational numbers arc always rational, 
but neither the sum nor the product of two irrational numbers is always an 
li rational number. 

Solution: We know that \/2 is an inational numbci Hence — v/2 is also an 
irrational number Then sum is \/? +( — \/V) which is equal to 0, a rational 
number Similarly \/2 -v/T = = 2, which is, again, a rational number. 

In the first case the sum of two irrational numbers is a rational number and in the 
second case, the product of two irrational numbers is rational 
On the other hand, the sum of the two irrational numbers \/2and is irrational. 
To prove this suppose that \/2 + \/3 is not irrational. Then \fl + \/3 must be 
rational Since the square of a rational number is rational, (\/2 + \/T) should 
be rational 

Thus {\/2 + \/3) 2 = 2 + 3 + 2 y' 2 \\/ 3 ’is a rational number, i.e., 5 + 2 \/6 is a 
rational number. Now, y/6 is irrational, hence 2\/6 is irrational. Since the sum of 
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a rational number with an irrational number is irrational [Example 4 (u )], it 
follows that 5 + 2 yC is irrational, which implies that (j\/2 + \/3) 2 is irrational 
This contradiction proves that yT + \/3 is an irrational number 
Again, the product of the two irrational numbers v/Tand \/3”is lnational, since 
yT yT = \/6 which is irrational, as 6 is not a perfect square 
Thus, we see that the sum and product of two irrational numbers may be rational in 
some cases and irrational in some other cases. 

Example 2.6: Give a rational approximation to yT correcL to two places of 
decimals. 

Solution: We know that 1 2 =1<3<4 = 2 2 
Taking positive square roots we get 

1 < yT < 2. 

Next, (1.7) 2 = 2.89 < 3 < 3.24 = (1.8) 2 
Taking positive squaie roots, we have 
1 7 < yT < 1.8. 

Again, (1 73) 2 = 2 9929 < 3 < 3 0276 = (1.74) 2 
Taking positive square roots, we obtain 
1 73 < y/3 < 1.74. 

Hence the required approximation is 1 73. 

Note: yT = 1.7320508 . . 

Example 2,7: Determine, on the number line, the point which represents the 
irrational number yT. 

Solution: Mark the points 0, 1, 2 on the number line /. 

Let A denote the point 0 and B denote the point 1 Draw a straight line 
perpendicular to AB at the point B and let C be a point on Bus perpendicular 
such that BC = 1 unit in length. Join AC Then the length of AC in units = \/2. 
Again, draw a straight line perpendicular to AC at the point C and let D be a 
point on this perpendicular 
such that the length of CD = 

1 unit. Join the points A and 
D by a straight line. Then AD 
= yT units. (Why?) Now, 
with A as centre and AD as 
radius draw an arc of a circle 
intersecting the number line/ 
in a point P, as shown in the 
figure (Fig. 2.6). Then AP = 
yT, and the point P 
represents the irrational 
number \T, because AP =, 

AD = yT. 



Fig. 2.6 
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2.11 The Number tt 

It is well known that the ratio of the length of the circumference of a circle to the length 
of its diameter is always constant. It is also known that this constant is an irrational 
number The proof of this fact cannot be given here. This irrational number is denoted 
by the Greek letter tt. Since tt is irrational, its decimal representation will be non¬ 
terminating and non-repeating. The value of tt to a few places of decimals is given 
below. 

tt = 3.14159265 ... 

It may be remarked that the rational number tt cannot be obtained by the process 

22 

of root-extraction The rational number y is very often taken to be an approximate 

22 

value of tt, but it should be remembered that—y-is not equal to tt, and it approximates 
tt Lo two places of decimal only, since 
2 j = 2.14285714. . 

The great Indian mathematician, Aryabhata, (bom, A.D. 476) gave, in the year A D. 
499, the following approximate value of tt. He observed that tt = ^§32 ap p rox j mate i y 
Changing this fraction into decimals, we get tt = 3.1416 approximately. A closer 
approximation of or is ; which equals to 1.14159292 . , 

Using an identity of the great mathematical genius, Srinivasa Ramanujan 
(1887-1920) of India, mathematicians have been able to calculate the value of it correct 
to millions of places of decimal. 

Example 2.8: Find a rational number and also an irrational number between the 
numbers a and b given below: 

a = 0.101001000100001 . .. 
b = 0.1001000100001... 

Solution: The numbers a and b are both irrational numbers, since their decimal 
representations are non-terminating and non-repeating. Also a > b since in the 
third place of decimal a has a 1 and b has a zero. Now consider the number c given 
by 

c = 0.101 

c is a rational number as it has a terminating decimal representation. Also c > b, 
since b has a zero in the third place of decimal and c has a 1 . 

Again, observe that the digits in the first three places of the decimals of a and c 
are the same. But the decimal for c has zeros in all the places after the third place 
of decimal whereas the decimal representation of a has a 1 in the sixth place. 
Hence c < a. Thus b < c < a. 

Let us now find an irrational number between a and b. Consider the number d 
given by Q 

d = 0 . 1002000100001 ... , 
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Evidently, the number d is irrational. Also d > b, since in the first three places 
of the decimal representations of d and b they have the same digits but in the 
fourth place d has a 2 whereas b has only a 1. In the remaining places both of them 
have the same digits. Comparing a and d we see that in the first two places of their 
decimals both a and d have the same digits, but in the third place of its decimal 
a has a 1 whereas d has a zero. Hence a > d. Thus the irrational number d is such 
thatb < d < a. 

We can thus say that between any two distinct irrational numbers there are as many 
rational numbers as we like, and also there are as many irrational numbers as we like. 
Stated in different words, between any two distinct irrational numbers there are 
infinitely many distinct rational numbers and infinitely many distinct irrational 
numbers. 

Example 2.9: Find one irrational number between the number a and b given 
below: 

a = 0.1111... = 0.1 
b = 0.1101 

Solution: Both the numbers a and, b are rational, a having a repealing decimal 
and b having a terminating decimal. Also 
b < a. 

Consider the number c such that ^ 

c - 0.111101001000100001... \ 

The number c is evidently an irrational number, having a non-terminating and 
non-repeating decimal. 

In the first two places of their decimals, c and b have the same digits, but c has a 
1 and b has a zero, in the third place. 

Hence, 

b < c 

Also c and a have the same digits in the first four places of their decimal 
representations but in the fifth place c has a zero and a has a 1. Also in the sixth 
place of their decimals a and c have the same digit namely 1, but in each of the 
seventh and eighth places c has a zero whereas a has a 1. 

Thus, c < a 
Hence, b < c < a 

In this manner we can show that between any two distinct rational numbers there 
exists an irrational number. Hence we can say that between any two distinct rational 
numbers, there can be found as many irrational numbers as we like. In other words, 
there are infinitely many distinct irrational numbers between any two distinct rational 
numbers. 
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Exercises 2.2 

1. Identify on the number line the pointSA, which satisfy the following conditions: 

0) | jf I < 5 
(fV) I < | x | < 2 
(m) | a | = y/2 



2. Find the distance between 
(/) -2 and -4 
00 —2 and 4 
(i/i) -7 and | — 7 | 

3 Replace between the following pairs of numbers by one of the three symbols: 
and 

(0 I 7-2 I Ml 7 I - | 2 [) 

00 I 2-7 I * (| 2 I - I 7 i) 

("0 | 8 —(-3) | Ml 8 | - | -3|) 

Or) | -8-3 | | -8 | - | 3 ] 

4. Using the formula (a T b)~ = a~ - 2ab + b~^ find^the expansion of [ | a | - | b | ] 

and deduce from.it that 2 | a | | b | s a~ + b~ for any two rational numbers a 

andb. 

When will the sign of equality occur in the above relation'’ 

5. Find the points* on the number line such that 

O') | x — 51 < 3 
00 | x — 51 = 3 
(in) jx — 51 >3 

6. Using the method given in Example 2.6, find the values of \/5 and yl correct to 
two places of decimal. 

7 Prove that V3" - V?is irrational 

8. Prove that \/3 + yTis an irrational number. 

9. Give two rational numbers lying between 0.232332333233332 , . . and 
0.21211211121111 . . 

10. Examine, whether the following numbers are rational or irrational: 

O') (\/T + 2) 2 00 (2-n/ 2) (2 + v5) 

0") (V? + V^) 2 (iv) 

11. Find two irrational numbers between 2 and 2.5. 

12 Find two irrational numbers between 0.1 and 0.12, 

13. Give twb irrational numbers lying between \/Tand s/3. 
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The concept of function is fundamental in mathematics. Before we formally define this 
concept, it will be helpful to explain the basic ideas by means of an example. Suppose 
that there are 30 students in a class and that each student brings, as a rule, 5 books with 
him/her in the class every day. Can you find the correct answer to the question as to 
how many books will be brought by the students on the first day of the next month? No, 
you cannot know the correct answer, for the number of books will depend on the 
number of students present on the first day of the next month, and this number cannot 
be known in advance. If the number of students present on that day is 25, then the 
number of books will be 125. If, however, the number of students present is 28, the 
number of books will be 140, and so on If we denote the number of students present 
by x, then the number of books will be 5x Now, x can take integral values between 0 
and 30, 1 e , 0 < x < 30, and Si will take integral values between 0 and 150, i.e. 0 < 5x 
< 150. Let us denote the set of non-negative integers between 0 and 30 by X and the 
set of non-negative integers between 0 and 150 by Y. Then 
X = {x x is integer and 0 < x < 30 } 
and V = {y is integer and 0 < y< 150} 

Now with every element* e X we associate an element^ e Y such that_y = 5*. This 
relationship is described by saying that a function has been defined on the set X and 
this function takes values in the set Y. 

This example leads to the following definition. 


Definition 

Let X andY be any two non-empty sets. If with every element x e X is associated in some 
manner, one and only one element of Y, then this association determines a function from 
XtoY 

Notice that the important idea is to associate every element of X with one element 
of Y. This association is usually defined by some rules, as in the previous example. 
Secondly, whereas to each element of X is associated one element of Y, every element 
of y need not get associated to some element of X. In the above example, X is the set 
of number of students and Y is the set of number of books Now, the number 9 e Y, but 
\9 is not associated with any element of X Only the multiples of 5 will get associated 
with some elements of X, since y = 5x. Thirdly, the same element of Y may get 
associated to several elements of A', but to each element of X will be associated exactly 
one element of Y. 

Usually the letter */’ denotes a function, but the letters ‘g’, 7T, 7c’, ‘s’ are also used 
to denote function We, then write ^associated to/(.v) s Y. We also write 

/ : x -* y. The set X is called the Domain of* the function and the set Y is called the 
Co-Domain. The word ‘map’ is also used and we say that a function maps the set X into 
the set Y, or it is said that a mapping ofX into Y is defined. In symbols we write 

x -L Y> 
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Which is read as “/is function defined on X to Y” or “/ maps X into Y." 

[f a function/associates with an element a e X an element y e/ we say “y = / (x)” 
which is read as “y is / of a,” or “y is the value of/ at a ” The element y is called the 
image of.r under/ 

We will primarily be concerned, in this book, with 1 unctions whose domains and 
co-domains arc sets of real numbers Such functions are called Real Functions. The 
domain and co-domain are normally specified while defining a function. 


Example 2.10: If a real function/ is defined such that its value at a is given by 
/ (x) = \/x, find the domain of/ Find/ (4),/(3) and/(8) 

Solution: The value at a: is \JT and \/Fis defined only when a is non- negative. 
Thus the domain is the set of all non-negative real numbers 

/( 4 ) = V*~= 2 

/(3) = VT 

/(8) = \ZT= 2VT 

Example 2.11: If a real function# is defined such that its value aU is given by#(x) 
= 4a —3, find the domain of#. Evaluate# (1) and#(—3) 

Solution: Since g (x) = 4x - 3 and 4* - 3 is defined for all real values of a, we 
have the domain of# as the set of all real numbers 

#(1) = (4x1-3) = 1 ;#(-3) = 4 x (— 3) — 3 

= -12-3 


, - - 15 

Note: If / is a real function of a, where the letter a can assume any value in the 
domain of/, a is called a variable, or an indeterminate. If we lakey = /(a), then 
the value ofy will depend on (he value of x For this reasony is called the impendent 
variable and a is called the independent variable. 

Example 2.12: If a real function h is defined such that its value at a is given by 


/, (x ) = —3a 2 -I- 7 find the domain of h. Evaluate h (1), It (— 1) and h (a), for real 
number a. 

Solution: Since It (a) = -If + 7 and -3a' + 7, which is well defined for every 
real value a, the domain of h is the seLof all real numbers. 
h (1) = -3 x l 2 + 7 = — 3 + 7 = 4 
/,(_!) = - 3 x (-1) 2 + 7 = -3 +.7 = 4 
h (a) = (-3) x a 2 + 7 = -3<J 2 + 7 


Example 2.13: If the real function/ is defined such that its value at A is/(A) = 
\JJx — 3) y/(5—x), f ind its d omain. 

Solution:/(A) = \/(x — 3) \/{5—x) _ _ 

We have to consider those values of a,, for which v(a-3) y{5~x) is defined, i e. 
those values of x for which 

x—3.-^ Q and 5 — x > 0 
i.e. x > 3 and x < 5, therefore, 3, < x[ <. 5 



40 


MATHEMATICS 


Hence the domain of this function is the set of all real numbers between 3 and 5 
including 3 and 5. We can write 

Domain of/ = {x : x is real and 3 < x < 5 } 

2.13 Rectangular Coordinate System and Graphs 

We get a better understanding of the behaviour and properties of a function from its 
pictorial representation For a real function usually the graph in a rectangular 
coordinate system is used for this purpose 

We draw two perpendicular lines, one horizontal and the other vertical The ppint 
of intersection is denoted by 0 and is called the origin of the coordinate system. The 
horizontal line is called thex-axis and the vertical line they-axis (See figure below). 

We know that every point 
of a line represents a real 
number, and conversely, every 
real number is represented by 
a unique point on the line. 

Thus the points on the x-axis 
will represent real numbers 
and the points on the y-axis 
will also represent real 
numbers We choose a 
convenient unit for 
measurement alongx-axis and 
along y-axis (The units 
chosen for* andy axes should 
be the same). Let P be any 
point in the plane. We draw a perpendicular from P on to thex-axis Let it meet the 
x-axis at R (See figure 2.7). Then the length of the line segment OR (in the unit chosen 
forx-axis ) is called the x-coordinate of the point P, oi the abscissa of P. The length of 
the line segment PR (m the unit chosen for y-axis ) is railed the v-coordinatc, ot the 
ordinate of the point Ifn is the i coordinate ofP and b is they-co-iidinaio oi then 
we say that the ordered pair (a , b) are the rectangular coordinates of P (a, b) is called 
an ordered paii because a and b are placed in a specific older Thus ( b, a) are the 
coordinates of a point different fiom P. The word “rectangular” is used because the 
x-axis and they-axis are at right angles If the point R is to the right of O, then the 
x-coordinate of Pis positive; and if 7? is to the left of O, thex-coordinate ofP is negative. 
If R is at 0 then the x-coordinate is zero Similarly, if P is above the x-axis, the 
y-coordinate is positive, if P is below the x-axis, they-coordmate is negative; and if P 
is on the x-axis then the y-coordinate is zero. 




REAL NUMBERS FUNCTIONS AND GRAPHS 


41 


Note: If R is at 0, then P must be on they-axis, and if P is on they-axis then its 
^-coordinate is zero 

Example 2.14: In Figure 2.8, write the rectangular coordinates of the points P, S, 
T, U 


3 

/ 

3- 

(-2,2) 

Sr-2- 

1 

1 

J Ql* 
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—i-1-1 -1-1- 

r 

m 
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1 

! 

-5 -4 -3 -2 -1 0 

1 1-1-1-1->-• 
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I 

i -1- 

1 

R 

1 

1 

1 

1 -2* 
1 

1 

l 

i 

i 

1 

T l -—---3- 

1 

---i u 

(-5,-3) 

(-3,2) 

Fig. 2 8 


Solution: If we draw perpendicular from P to the x-axis, it meets the x-axis in R, 
and R is 2 units to the light of 0. 

Therefore, thex-coordinate of P is 2 The perpendicular from P on they-axis meet 
it in the point Q. The line segment OQ has length 1 

So, the y-coordinatc is 1 Thus, the rectangular coordinates of P are (2, 1). 
Similarly we show that S has the rectangular coordinates ( — 2, 2), the rectangular 
coordinates of T are (-5, —3), and of U are (2, -3). Hence onwards, we will use 
only the term “coordinates” instead of “rectangular coordinates,” as we will be 
always concerned with rectangular coordinates in this chapter. The part of the 
x-axis to the right of O is called the “negativex-axis” and the part below the point 
O is called the “negativey-axis.” 
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Example 2.IS: What are the y 

coordinates of O, the origin? 

Solution: The coordinates of O 
are (0, 0). (Why?) 

Example 2.16: If a point has 
coordinates (0, -4), does it lie 
on the x-axis or they-axis? 

Solution: Since the 

x-coordinate is zero, it lies on 
they-axis. 

Example 2.17: Does the point 
(2, —3) lie above the x-axis or 
below the x-axis? 

Solution: Since the 

y-coordinate is negative, u lies 
below the x-axis. 

We have seen above that every point P in the plane can be given rectangular 
coordinates. Similaily, given the rectangular coordinates, say (4, 51 we can mark 
a point having these coordinates. How do wc do this 7 First draw two 
perpendicular lines, one horizontal line and the other a veitical line iVLirl the 
point of intersection a., O Choose a unit tor measuiing along thex-uxis and for 
they-axis Now since thex coordinate of (4, 5) is 4, which is positive, start from 
O and measure 4 units to the right of O on the x-axis From this point draw a lino 
parallel to they-axis Agate since the y-coordinate is positive, measure 5 units 
on the y-axis above O and diaw a line from this point parallel to the x-axis. 
(Upwards because they coordi .ate is positive). The point of inteu ection ol these 
lines is the point with coord'nais r, (4, 5) (See Fig 2 9) 

Example 2.18: Represent the points with coordinates (-3, 5) and (3, —5) and 
(-2, —4) in a rectangular coordinate system 
Solution: (See Fig.2.10) 

Note: The perpendicular lines in the rectangular cooulinate. system, namely the 
x,v axes divide the plane mlo 4 parts The upper light hand quaitc: is called the 
“first quadrant ,” the upper left hand quader is called the “second quadn.nU the 
bottom left hand quarter is called the “tlih 4quadrant,'' and the bottom right hand 
quai ter is called the “fourth quadrant " 

If a point has x-coordinate positive and y-cuordinatc posilive, it is in first 
quadrant; if it has x-coordinate negative a .4 v-coordinate positive, it is in second 
quadrant, if it has bothx andy coordinates negative, it is in third quadrant; and 
if it has x-coordinate positive andy-coordinate negative, it is in fourth quadrant. 
Example 2.19: Determine the quadrant in wV,e« the points with the following 
coordinates lie. 

(*) ( 3 >~ 7 ) (») (-4,2) (2,3) (tv) (-I,-*-) 
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s' 


/ 

(-3, 5) t - 

1 

1 

1 

1 

1 

1 

t 

1 

1 

i 

_|-1_ | 11 

*■ 

r6 

■5 

■4 

-3 

■2 

■1 

I|| | | - 

-5 -4 -3 -2 -1 0 

1 2 3 4 5 

1 

1 

•-1 i 

i 

1 

1 

1 

| 

i 

-2 

I 

l 

i 

3 1 

3 1 

(~2, -4)^ - 

l 


-5-'(3,-5) 


-6 


Fig 2.10 

Solution: (t) Abscissa = 3, which is.positive. 

Ordinate = —7, which is negative. 

So the point lies in the fourth quadrant 

Similarly, (it) lies in the second quadrant, 

(in) lies in the first quadrant, and 
(iv) lies in the third quadrant. 

Graphs of Functions 

We shall now learn how to sketch the graphs of some real functions. Examine the 
following examples 

Example 2.20: Let / be a function, defined as / (x) = 3x — 2. Since the value 
3x —2 at x is defined for all real values ofx, the domain of the function is the set 
of all real numbers. We now choose various values ofx in the domain and calculate 
the values of / (x) and we tabulate as follows: 
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We now plot the points, in a rectangular coordinate system, with abscissa as 
different values of a in the table and as ordinates the corresponding values of f(x). 
So we plot the points ( — 4, -14), (- 3, —11), (-2, -8), ( — 1, —5), (0, —2), 
(1,1), (2,4), (3, 7) and (4,10) and then join by a smooth curve (straight or curved) 
to pass through these points The line, thus obtained, is the graph of the given 
function. (Pee Fig 2 11) 


y 



Fig 2 11 
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ly^Note: The giaph of the function/(jt) = nix + c, where in andc are real numbers, 
is a straight line. Functions of this form are called “linear functions” 

Example 2.21: Let/ be a function, defined as/(jc) = x 2 . Sketch the graph of/. 
Solution: Since x 2 is defined for all real values of x, the domain of/ is the set of 
all real numbers 

Again, we choose various values of x and tabulate the corresponding values of 



Proceeding as in the previous example, we plot the points 

(-5, 25), (-4, 16), (-3, 9), (-2, 4), (-1, l),-(0, 0), (1, 1), (2, 4), 

(3, 9), (4, 16) and (5, 25). 

Joining all these points by a smooth free hand curve we get the graph of the 
function as given in Fig. 2 12. 


v 



Fig 2 12 
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in example 2.20 we obtained the graph as a straight line whereas the graph in this 
example is a curve different from a straight line 

Exercises 2.3 

1. Find the domain of the following real functions: 

0) f( x ) = fr +JL_ («) /(*) = V ^3 _ 

0*0 /(*) = V*+ 2_ (iv) /(*) = V(* —3^(1°— x) 

(v) f{x) = \fx + \/8 - * 

2. For the functions given in question 1 above evaluate/(l),/(2),/( -1) wherever they 
are defined. 

3. Represent the following points in a rectangular coordinate system. 

(0(1,0) (.7) (-3,6) (ill) (4, -1) 

W(-j,-|) (v) (-1, -2) (»i) (0. i) 

4. Which of the following statements are true and which are false? 

0) The point (-2,0) lies on they-axis. 

00 The point (0, -4) lies on they-axis 
{in) The point (-1,2) lies below they-axis 

(iv) The point (2, -3) lies below they-axis, 

(v) The point (-1, -1) lies on the x-axis. 

(vO The point (2, -3) lies in the third quadrant. 

5. State in which quadrant do the following points lie: 

0)(i.i) (ii) (-j.-j-) 

(iv) (-5,-i) (v) (-3,3) 

6. Sketch the graph of the following functions. 

0)f(x) = 2x + 3 (u) f(x) = 

('**) fix) = X 2 -3 (iv) f(x) = -X 2 + 2 


(««) (2,-3) 



CHAPTER 3 
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3.1 Introduction 

Y ou may recall that the set R of all 1 eal numbei s is the union of two disjoint subsets, the set ol 
all rational numbers and the set of all irrational numbers Thus, a real number which is not a 
rational numbei, is an irrational number 

In pai ttculai, you know that there is no rational number whose square is2 Howevei, there 
is a leal numbei whose square is 2 In decimal form, this leal number is written as 
1 4142135 

a non-teiminatmg non-repeating decimal We agieed, to denote this real numbei in short 
iorm by the symbol 

V 7 2 or 2^ 

Similatly, the teal iriational number whose cube is 2, will be denoted by the symbol ^2 
or?-’* 

Numbeis of the type 

n/2,s!/2, n/X vT x/Tl. etc 

are called sinds or unheals Each of them represents an irrational numbei In general, ifu is a 
positive rational numbei, which cannot he expiessed as the nth puwei of some rational 
numbei, then the n rational numbeiva ora?' that is, the positive nth iootofa, is called a sm d 
or a radical, The symbol vis called the radical sign, n is called the at dm of the surd (oi 
radical) and a is called the radwand 

It may be noted that by the statement ' sfit is a suid," it is understood that 
(i) a is a rational numbei and 
(»>#T is an irrational number. 

We consider an expression which is expressible in the form\/fl wheie a is lalional and 
\J~ is irrational, to be a suid For example, v(/f appears to be not a surd because it is the 
square loot of an (natural number (s/2) but it is considered as a suid because it can beexpiessed 
as^/T 

Note: For a positive real numbei a (in particular for a positive rational number) it can 
be shown that there is a unique real number .v which is the positive nth root of a oi 
which is positive and satisfies \”= a The proof of this result is beyond the scope of the 
present bouk 
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1 

Examples: 

(i) </Tis a surd of order 3 


(ii) v^O is a suid of ordei 2 

(m) \/ 64 is not a surd, since 64 = 8 2 and therelorex/64 = 8, is a .at.onal numbe. 
(iv) \/3 "b 2 \VTis an mational numbei but it is not a suid, since the number 
3 + 2^2 is not a’rational number 

Remarks: When the ladicand is denoted by a symbol, such as a in v/TTit is undei stood 
that a satisfies the necessary conditions foi \fa to be called a surd 


3.2 Laws of Radicals 

(1) You will recall that foi any positive integer 11 and a positive lational numbei a, the 
radical sfci is the positive nth root of a, 

(2) Suppose \fa and \fb ~are two radicals of the same ordei, then 

— ah 

■ ^</h= \fab 


(3) 


If f/ a and \jb aie two radicals of the same order, 


then 





(4) If m, n are positive integers, then for a positive rational number a. 
[ $/a) ]. =± = a 

= m </7 

Similarly, \J'\fa — '"{/tT 

= m </j = 


(5) If m, n and are positive integer s, then for a positive rational number a. 

z/7 = <[WW~ = " "J^r 

Observe that the index of the radical and the exponent of the radicand are both 
multiplied by the same number in. 
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Examples: 


1 

ti/s? = 

5 


2 

\/l25 = 

n/25 X 5 = = 

5 n/5~ 

3 

,3/X _ 

</2 



V 3 



4 

v/64" = 

^ = 7^64 = 

74" = 2 

5 

</& = 

^ = l </3 


The laws of radicals are used to simplify a given radical or to 

reduce two given radicals to 


the same form Fo r exa mple, we have shown above that 
VT25 = 5 x/F 


The surd on the right is in its simplest form Similarly, 

>yi44 = ^2 4 X 3 2 = s/l 1 X 2 X 3 2 = 2 Til 


A surd in its simplest form has 

( 1 ) no factor which is nth power of a rational number under the radical sign 
whose index is n, 

(u) no fi action under the radical sign 
and (tii) the smallest possible index of this ladical 
Example 3.1: Express ^1875 in its simplest form 
Solution: </l875 = </5 X 5 X 5 X 5 X 3 


Example 3.2: Simplify 


</5 4 X 3 
5 </3 

V m 


63 


Solution: /'] 75 " = _ \J5X 5 X 5 _ 5 \/T 

V'W v/63 x/3 X 3 X 7 3 \Jl 

= Sx/iT y yT _ 5x/35 

3VT x/7 21 

A surd which has a rational factor other than unity, the other factor being irrational, is 
called a mixed surd A surd which has unity as its rational factor, the other factor being 
irrational, is called a pure surd 

/m, x/8: yr aie pure surds 

2s/ 3: syi6, u/t are mixed surds 

The laws of radicals enable us to express a pure surd as a mixed surd or vice versa. 


Example 33: Expres s 3 \ fi2 as a pure surd. 
4 
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Solution: 3 y /32 — Tl/ 1 \fii — -y/_9_x 32 

= s/18" 

Example 3.4: Express \/256 as a mixed surd in its simplest form. 
Solution: \/256 = x/16 5 = x/2. J 2. 3 2. 2 

= {/? {/F 

= 2X2X^T 

= 4{/T 


Exercises 3.1 


1 Express as a pure suid- 

(0 5^ 00 2</4“ 

(iv) lOx/T (V) 1 x/32 

2. Express as a mixed surd in its simplest form’ 
(0 x/80" (ii) </72 

(iw) «yi50 (v) </320 '' 


(i/O 

(v0 


3 \/5 
-lx/8 

4 


(to) \/288 
(v0 5 v/T35 


3.3 Comparison of Surds 

Two surds of the same ordci can be easily compared We just compare llieir radicunds, Thus, 
^/25 > s/24, ^84 > ^80, etc. 

If the surds are not of the same order, we fust reduce them to the same order. 

Example 3,5: Which is greater \/T or 
Solution; L.C.M of 3 and 4 is 52. 

Thus, i/J = ‘{/F = x/s! 

and x/5" = x/B 7 = 'x/125 

Now, clearly x/125 > '{/H 

x/5 > x/T 


Example 3.6: Arrange in descending order of magnitude¬ 
'll {/To, '{/25 
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Solution: L C M. of 4,6 and 12 is 12. 


Hence, = 

■y? 

- 

y2? 

yio = 


= 

'yToo 

and x/25 

'\/25 



Now, arranging in descending order 


■yioo > 

'\fri 

> 

■ys 

yio > 

yr 

> 



Exercises 3.2 


Which is greater? 


(0 x/2 

or 

(/o yr 

or 

</To- 

("0 </5 

or 

y4 

(tv) yr 

or 

ys 

(v) yn 

cfr 

yr 

(vo yr 

or 

</4 


2 Arrange in descending order of magnitude , 

(0 n/47 </5, \/3~ 00 v/2; </3“ ^/4~ 

(»o </io, y^ yr (iv) yi; yr; y?" 


3.4 Addition and Substraction of Surds 

Since surds are real numbers, the distributive law holds. 

Thus, (0 5\/T+ 4\/2~ = (5 + 4) y/T = 9y/2 

and (if) 4\fl + 5 \/T— 3 \JT = (4 4- 5 - 3 )= 6yjl 

Observe that 5 \JT and 4 \fl have the same irrational factor. Surd. ’ 
irrational factor are called similar surds. Using the distributive law simn 
added and subtracted 

Example 3.7: Simplify 

5x/3>2\/27+ 

\/3 


the same 
:rds can be 
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Solution: Reducing each term to its simpl est for m 

5^+V27H~_ = 5s/3 + 2s/9><3 + Jj- 

= 5 V '5'+6V3‘+- ! ^ L 

= (5 + 64-1 \J2 

_ 34^/3 
3 


Example 3.8: Simplify 

7252 - 5 76*+ 729 1 - 3 ^ 


Solution: Reducing to simplest form 


7252 = 7 4 X 63 

7294 = 72 X 147 



74 X 9 X 7 
72 X 3 X 49 

7^ 

6 


The given numerical expression 

= 7252 - 5 76+T294- 3 

= 6\/T— 5 76 + 7 76"— y 

= 672"+(2 - 5 - -1)76 

= Ss/i + 2-\fs 

3 


]_ 

6 

76 


67 T 

7 76~ 


Exercises 3.3 

Simplify by combining similar terms, 

(1) 5sf2 + 20^ (2) 273 +727 

(3) 473 - 3VT2 + 2775 (4)78+732-72 

( 5 ) 745 - 3 7^0 + 475 " ( 6 ) 4712 - 750-7 748 

(7) 2 74 + 7 732-7500 (8) 2 740 + 3 7625 -4 7320 

’ (9) 37l47- 1 E+7 H- (10) 7^1 ~ 8 7^16 + 15,75? + 7225 
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3.S Multiplication and Division of Two Surds 


Surds of the same order can be multiplied according to the following law 


^ X^b 

Thus, we have 

(0 \/l8 X </7I 

(h) \/24 4- {/6 


\/ab 


\/l8 X 15 = </270 



If the surds to be multiplied are not of the same order, it is necessary to bring them 
to the same order, before applying the above rule 

Example 3.9: Multiply iff by \fl 


Solution: L C M of 2 and 3 is 6 
Hence, iff = </49 

and VT= iff = </sT 

s/f X\/2= \/49 X Vs" = s/392 


Example 3.10: Divide s/li by \/'A00 


Solution: L.C. M of 2 and 3 is 6 
s/24 = </(247 = 

and i/fOQ = </(200) 2 = 

.’.y/24 4- i/m = 


VT3824 

\/40000 

\/l3824 -4 ^40000 

/ hW2A 




40(K)0 

s/H 

V 625 


Exercises 3.4 


Simplify and express the result in its simplest form 


(1) sJ\4Xs/2\ 
(3) i/4 X >^22 
(5) x/TXx/T 
(7) 4 v /28 4- 
(9) s/2 i/2, i/4 


(2) y/ttXs/T 
(4) 4 sfnx 7 s/6 
(6) i/2X i/T 
(8) sf\2 4- {s/3 i/T) 
(10) s/2, i/2, 's/32 



MATHEMATICS 


5 + 

3.6 Rationalisation of Surds 

When the product of two surds is a rational number, then each of the two surds is called a 
Rationalising factor (R.F.) of the other 

(f) Since, 2\[TX\f5~= 10 
\/s~ is a R.F. of 2 y/T 

00 As (v^+V^j (v / ^-V / 2) = (v / 3F-(n/2?= : 3-2= 1 

VT-v/Tis a R.F. ofv^+x/T _ 

(»»0 (vT - + \/io — %/5) (x/T" + \/io "F \/5) = (vT" + \/io) 2 — (\fsy 

= 13 + 2v / 30-5 = 8 + 2v / 30 
Also, (8 + 2\/30) (8 - 2 V / 30) = 64 - 120 = -56 
Hence, (y/3+y/l6 ~\/S) (yfi + y/lb +\JT) (8 - 2^30) = 56. 
(y/j+y/lO +V5j (8—2v^0) is a R.F. ofVT+v'To’-v^ 

Remarks: The rationalising factor of a given surd is not unique. If one R F. of a surd is 
known, then the product of this factor by a rational number is also a R F. of the given surd. It 
is convenient to use the simplest of all Rationalising factors of a given surd. 

3.6 (i) Rationalisation of Monomial Surds 

Example 3.11: Find the simplest rationalising factor of\/3Z 

Solution: \/32 = yj\6 X 2 = 4V2 

Now 4 s/lXs/l = 4 X \Jl X 2 =8 

\fTis the simplest rationalising factor of\/32! 

Example 3.12: Find the simplest rationalising factor of \JT2. 

Solution: </72 = -J/2X2X2X3X3 = 2. 7 3^ = 2.3^ 

Now i (2.3T) (3 l 'T) = 2.3 = 6 

3 T or \/3 is the simplest rationalising factor of \JlT. 

Example 3.13: Find a rationalising factor of \ft ? b 3 c 4 
where a,b,c, are rational numbers. 

Solution: yfcFtFl? = as b « c* 

1 A *. s 1 1 

Now (as b> c'i) (as bs cs ) = o' b' c' = abc 
o T b~s cs is a R.F. of \Ja 2 b 2 c" 
i e„ (Ja l b 2 c is a R.F. of (Ja 2 b 3 lc 4 
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Example 3.14: Rationalise the denominator m 2 

n/T' 

Solution: The simplest R F of \JT is \JT itself 

1 X v/f = Vf - 
V7~ v/f 7 7 

Example 3.15: Given that\/5~= 2 236 approx., find to three places of decimals, 

the value of_ ^ • 

n/57 


Solution: 


l 


_ V ^ 

>/T VT 


~ = 2 ^= 


Since \/5 = 

2 236 

2 

2 X 2 236 = 8944 

n/T 

5 

11 

O 

0 894 (approx) 

Exercises 3.5' 

WiiLe the. simplest rationalising factor of 

(/) 2V2 

00 \/To 

(»z) V75~ 

(zv) 2 ^5" 

('■) 

(w) ^32" 

Express with a intional demonimator the following \ 

2 


(/) —- 

00 

yfi 

3/3 

(«i) -jL 

(zv) 

VT2 

VT 

, , 2s/T 
(v) —~ 

, . 3 \/5~ 

(v0 —— 

s/TT 

W 
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3 Find the value to three places of decimals, of each of the following. It is given that 
sjl = 1 414, s/T = 1 732, x/To" = 3 162 and \fs = 2,236 (approx.). 


w 

1 

00 

I 

vr 


n/T 

(m) 

1 

(iv) 

x/2 + 1 

x/IO 


x/T 

(V) 

2-x/T 

(vO 

x/io -x/T 

vr 

x/r 


3.6 (ii) Rationalisation of Binomial Quadratic Surds 

Surds of the second order are also called quadiatic surds. Two binomial expressions 
containing surds which differ only in the sign ( + or —) connecting them, are said to be 
conjugate to each other Thus, 

(v / T+\/3) and (x/T—x/3) are congugate to each other Similarly, the conjugate of 
3 + x/°" is 3 — y/6 and vice versa 


The interesting thing about them is that their pioduct is a rational number Foi example, 

(x/T +x/3) (VT-n/3) = ( n/17 — (\/yf ~ 2 

\ 

Therefore, the simplest rationalising factor of binomial quadratic surd is its conjugate 
surd. Thus from the above illustration 

(x/T—\/3) is a R.F. of (y/T+sfi). 
and (x/T+ x/3) is a R.F of (x/T— x/3) 

We shall illustrate their use by few examples. 

Example 3.16: Express _ — ■—— with a rational denominator 
3\j2 — 2y3 

Solution: _ £_ = ^ X ^ 1 v^ 

3s/T-2s/3 3 sjl- 2\/T 3V2+2VT 

= 6 (3V2~+ 2x/T ) _ 6 (3 yT+ 2 VT) 

(3 x/2p — (2 18-12 

= 3 x/T + 2 x/T 

Example 3.17: Given — 1.4142 and x/T= 1 7321, find correct to three place of 
decimals the value of 


4 

3x/T 2\Jl 


+ 


3 

3 x/T" 4- 2 x/T 
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Solution: (3 \/2~ + 2 \/T) and (3 \J2~2 \Jl) are conjugate surds 
(3n/3"+ 2 y/2) (3 \/T— 2\J% 

= (3 v / 3) i -(2v^7=27-8= 19 

Now -—- + -^_ 

3 N /3'-2 v /T 3 \fT + 2\fl 

= 4 (3\/T + 2\f2) + 3 (3 \fT— 2\f T) 

19 19 

= (12 x /T+8V2 + 9V3'-6 x /2) 

= 


Substituting the approx values of \/3~and \/2"in the above we see that 


Given surd 


X 1 7321 + -2- X 1.4142 
19 19 

-L {36.3741 + 2.8284} 

19 


-L (39.2025) 
19 


2 0631 

2.063 (correct to 3 decimal places) 


Example 3.18: Express 


3 

_ with a rational denominator 

VT-v/iT+Vs 


Solution: The denominator is a trinomial surd. We proceed as with a binomial surd, by 

grouping two of the teirns 

Thus, {y3~— \[2) +\/V} {(y3 — \J2) — \/5} 

= {%!*- \P? - i\f5f= 5 - 2s/6~ 5 = - 2VtT 

. __3__ 3 ( VT-v/T-VS) _ 

VT-v^+x/S {Cx/3 - —n/2) +n/ 5)} {(x/3"—x/2) — \/5j } 

_ 3 VT- 3 y/2- 3 \f5~ 

- 2sf6 

= ( 3yT-\/ryT - 3y/5)x/T 

( — 2) X 6 
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= _ _L_ [3\/r N /6"- 3x/2V6~- 3x/5\/6r 

12 

= - -L {9x/T-6x/T--3x/30} 

12 1 

3x/3Q + 6x/T-9\/2” 

12 

_ x/30 -f- 2\JT~ — 3 \/2~ 

4 


Exercises 3.6 

1 If both of a and Z> are rational numbers, find the values of a and bin each of the following 

equalities: 


(0 

x/T-i 

= a + b \JJ 

00 

3 +x/2~ = 

a + i x/ 2 " 

x/T+ 1 


3 -v/2~ 


m 

5 + 2x/T 

— a + by/T 

(IV) 

3 -x/T 

= a\[5—b 

7 + 4 \JT 

3 + 2x/5" 

(v) 

x/r+x/r 

. — a + b \/\5 

(VO 

x/T+x/T = 

a — b\fb 

x/5 '-s/T 


3 \/2 — 2x/3" 


2 Simplify each of the following by rationalising the denominator: 


(0 

5 +x/6" 

(«) 

x/f-x/T 

5 —x/6* 

sTT+tJs 

(III) 

7 + 3\/!F 

7-3x/r 

(*’v) 

2\/3"- v / T 
2x/2*+ 3x/3* 

(v) 

2x/6 —x/5“ 

3 x/S~— 2x/T 

(VI) 

7x/T- 5x/T 
x/48+x/l^ 

Rationalise the denominator of 



(0 

1 

00 

1 

3+x/T-2x/T 

\JT-\Ji- 1 

(u'O 

1 

(IV) 

1 

x/T+x/T-x/iT 

x/7* + x/6~~ x/i3 
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4. Simplify each of the following: 

(/) \ // ^~ -f 3\/2~ _ 4\/3~ 

\/T+\/T Ve+^/T \/6+\/2 

(//) 7yT - 2s/T _ 3yT 

v/iO+v/^" \/6 "+v'T’ \/T5 + 3\/2 

5 Taking\/T= 1 414,\/T= 1.732,\/T"= 2.236 and\/6 = 2 449 (approx), find the value to 
three places of decimals of each of the following 

(f) 1 -j- I ~x/2~* 

\fs + \fT \fT— s/T 

(ii) \ ^ 4- \ ~ V^* + VTll 

2 x/3 - 2 4- \/3" vT 4- I 


Review Exercises 3.7 


1 (a) Which is greater x/Tor \/Pf 

(b) Arrange in ascending order of magnitude: 

</io, i/6 t vT 


2 . 

3 

4. 

5. 


Simplify. 

(a) {/l 4- </l6" -^54 

(b) sjtt X \/25Q 

Given that\/3~= 1.7321, find correct to 3 places of decimals, the value of 
\fl92 - -^v/48 - J75 


Simplify by rationalising the denominator 


(0 


4 

</T6 


00 


2.\JT 

aW 


Rationalise the denominator of 


1 _ 

\fb 4* v // 5~— \/TT 


6. Simplify: 

3 y/T _ 4y/3 + 2y/3 

x/6 - - \/T x/^"" - \/6"4- vT 
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7. GivenV^= 1.4142,^/6=2.4495, find correct to three places of decimals, the value of 


M-l 


8. Simplify: 




9. Find rational numbers a and b, such that , 

4 + 3 ^ 

- -r= fl+bVT 

4 - 3 ^ 

10, If\/5"= 2.236 (approx,), evaluate 

3-VT 


3 + 2 VT 

correct to three places of decimals. 



CHAPTER 4 


Polynomials 


4.1 Polynomials 

We became familiar with the concept of ‘function’ in Chapter 2. In this chapter we shall 
discuss a special type of function, known as polynomial. Polynomials can also be 
considered as special types of algebraic expressions involving only one variable 
Consider p (x ) = 3x 2 — 4* + 2. This is a function of *. If we substitute for* any 
real value ‘ a ', we get a real number p (a ). For example 
p(2) = ;2-8 + 2 = 4 + 2 =6 

p(- 1) =3+4+2=7+2=9 

and so on. So P (* ) is a function whose domain is the set of all real numbers. Observe 
that here only non-negative powers of* are involved in each term and the coefficient 
of each power of* is a real number. Any such function is called a "polynomial" over the 
real numbers. The word "polynomial" means an algebraic expression consisting of many 
terms involving powers of the variable. Poly means many or much. 


Definition 


A function p(x ) of the form 

p (*) = a Q + a^x + ajc 2 +. +0 n -* n 

where a Q , a v .. « n are real numbers and n is a non-negative integer, is called a 

"'polynomial in * over reals" 

The real numbers a v ., On are called the coefficients of the polynomial. If a QS 

a v a 2 .. c n arc all integers, we call it a polynomial over integers. If they are rational 

numbers, we can call it a polynomial over rationals. For example 
5x 2 — 6* + 3 is a polynomial over integers, 

4 


^ x 2 + 2x - 1 is a polynomial over rationals and 


l * 3 

4 * _ 

3x 2 + \/2x — is a polynomial over reals 
If the variable involved isy then we call it a polynomial iny. For example 
3y 2 —2y + 4 
is a polynomial iny. 

Usually, we write a polynomial in either ascending powers of* or descending powers 
of *. Such a way of writing a polynomial is called a standard form of writing a 
polynomial. For example 

4x 3 - 6x 2 + 2* + 1 
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is a polynominal in standard form with the powers written in descending order; and 
2 - 3y + 6y 2 - 2y 3 

is a polynomial in a standard form with the powers written in ascending order The 
polynomial 

5u 3 - 6« + 1 - 2 u 2 

is not in a standard form, because the powers are neither in ascending nor in the 
descending order. This polynomial can be written in a standard form either as 
5u 3 - 2u 2 - 6u + 1, 

or as 

1 - 6u - 2ii 2 + 5u 3 

A polynomial, having only one term, is called a monomial since ‘mono’ means one 
or single; a polynomial having two terms is called a binomial since ‘bi’ stands for two; 
and a polynomial having three terms is called a trinomial since ‘tri’ stands for three 
For example 

2 

2, 3x, lx are monomials, 

4—2a:; 6» 4 + 2 u ;y 8 — 2 are binomials, and 

x 4 - 3x + 2-,t 2 — 3t + 2. are trinomials. 

The polynomial having all coefficients as zero is called Zero Polynomial. For 
example 

Ox 3 ~ Or + 0, 

Or 2 + Of + 0, 

are zero polynomials. 


Exercises 4.1 

1. Which of the following functions are polynomials? 

(0 4x 2 - 3* + 2 (H) V2y 3 + \/37 

(»0 V2 \/7+ VTt (iv) x +- 

x 

(v) u-± - 3u + 2 (vi) 1 * 7 - 3cc 5 + 2r 3 - 1 

2. Write the following polynomials in a standard form: 

(i) x 1 ~ Zx 5 + yjlx + 1 x 2 - Zx 6 + 4 

(k) * 5 + X 2 - y/Tx + 2x 4 

Oil) U 3 - U + U 2 - yJT 

0v) y 2 - 2y 4 + 3y - y 3 + 4 

3. In the following, identify the monomials, binomials and trinomials- 

(*) y\ 

(n) m + 2m 
(Hi) t 6 - 1 f 3 + 6 
(iv) 7 m 7 - 6 u 6 + 5 u 2 
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(v) x 6 - V3F 

(vi) lu 6 

(yii) 7 

4.2 Sum, Difference and Product of Two Polynomials 
In elementary algebra the sum and difference of two algebraic expressions are found 
by grouping the like terms retaining their signs. Similarly, we find the sum and 
difference of two polynomials by grouping like powers, retaining their signs and adding 
the coefficients of like powers. For example, let 
p{x ) = x' - 3x 3 + 2r + 6, 
and q(x) = x 3 — 3a: +2 

Then p{x) + ^(jc) = (* 4 - dx 3 + 2x + 6) + (a 3 - 3r + 2) 

=x 4 + (x 3 - 3x 3 ) + (2r - 3x) + (6 +2) 

=x 4 — 2x 3 — x + 8, 

and p(x) - q (x) = (x n - 3x 3 + 2x +6) - (x 3 - 3x + 2) 

= x 4 - lr 3 + 2r + 6 - x 3 + 3x - 2 
= x 4 + (-3x 3 - x 3 ) + (2x + 3x) + (6-2) 

= x 4 - 4r 3 + 5x + 4 

For convenience the above working can be arranged as follows: 
p(x) = x 4 - 3x 3 + 2x + 6 
q(x) = x 3 - 3x + 2 
p(x) + q(x) = x 4 — 2x 3 - x + 8 


Again p(x) = x 4 — 3x 3 + 2x + 6 

— q(x) = — (x 3 + 3.x — 2 ) 

/?(x) — q(x) = x 4 - 4x 3 + 5x 4- 4 

Example 4.1: Find the sum of the polynomials 

4u 3 — 3m 2 + 2 and m 4 — 2« 3 + 6 

Solution: (4m 3 — 3m 2 + 2) + (« 4 - 2« 3 + 6) 

= u 4 + (4 m 3 - 2m 3 ) - 3 u 2 + (2 + 6) 

= M 4 + 3m 3 - 3m 2 + 8 

Example 4.2: If p(y) = 3y 7 — 2y 2 + 3 and q(y) - y 6 — 3y 4 + y 2 + y, 

find p(y) - $(y). , , 64 2 , 

Solution: p(y) — q(y) = (3y 7 — 2y z + 3) — (y —3y + y + y) 

= 3y 7 - 2y 2 + 3 - y 6 + 3v 4 - y 2 - y 
= 3y 7 - y 6 + 3y 4 + (-2y 2 - y 2 ) - y + 3. 

= 3y 7 - y 6 + 3y 4 - 3y 2 - y + 3 

The product of two polynomials is found by using the distributive law for the product 
of algebraic expressions, and then grouping the like powers to add or subtract as the 
case may be. 
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. 3 2 • 

Example 4.3: Find the product of x 2 - 3x + 2 and a: - 6x + x + 1. 

Solution: (x 2 — 3x + 2) (x 3 — dx 2 + x + 1] 

= x 2 (x 3 - dx 2 + x + 1) -3x (x 3 - 6x 2 + x + 1) 

+ 2 (x 3 - 6x 2 + x + 1) 

= (x S - dx 4 + x 3 + x 2 ) - (lx 4 - 18x 3 + 3x 2 + 3x) 

+ (2x 3 - 12x 2 + 2x + 2) 

= x 5 + (-6 — 3)x 4 + (1+18 + 2)x 3 + (1-3- 12)x 2 + 

(— 3 + 2) * + 2 

= x S - 9x 4 + 21 x 3 - 14x 2 - x + 2 

Remark: Thk solution above explains the method. However it is more convenient 
to work out as folldws: 

x 3 - 6x 2 + x + 1 
x 2 -3x + 2 


x s - 6x 4 + Jt 3 + x 2 


— 3x 4 + l&x 3 - 3a: 2 - 3* 

+ 2x 3 - 12x 2 + 2x + 2 

x 5 - 9x 4 + 21 k 3 - 14x 2 - x + 2 

Example 4.4: If p(x) = 5x 2 - dx + 1 and q(x) = 0 find 
p(x) + q(x)\p(x) - q(x)\ and p(x) q (x) 

Solution: We have 

p{x) + q (x) = (5x 2 - dx + 1) + (0) 

= 5x 2 - 6* + 1 = pipe) 
p{x) - q(x) = (5x 2 - dx + 1) - (0) 

= 5x 2 - dx + 1 = p{x) 
p(x) q(x) - (5x 2 - 6x + 1) (0) 

= (5x 2 ) (0) - (6x) (0) + (1) (0; 
= 0 


In Examples 4.1, 4.2, 4 3 and 4 4, we considered the sum, the difference and the 
product of two polynomials and we found that the result, in each case was a polynomial 
This is always true, The sum, difference and product of two polynomials are always 
polynomials. It is cleai from example 4 4, that when a polynomial p(x) is added to the 
zero polynomial, wc get p(x) itself. If the zeio polynomial is subtracted from any 
polynomial p(x ), we get p(x) itself, and if any polynomial is multiplied by the zero 
polynomial, we get the zero polynomial. 


Degree of a Polynomial 

Look at the polynomialx 7 - 3x 5 + 4. What is the term with the highest power of 
x ? It is x 7 The exponent in this term is 7 Similarly in the polynomial 5y~ - 3y + 2 the 
term with the highest power is 5y 2 and the exponent in this term is 2 We call the - 
exponent in the term with the highest power as the degree of the polynomial. Thus the 
degree ofx 7 - 3x 5 + 4 is 7; the degree of 5 y 2 — 3y + 2 is 2. 
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Example 4.5: Find the degree of the polynomials given below: 

(a) x 4 - 3x 2 +1 (b) 1 - 2y + 3y 6 

(c) 7 

Solution: (a) The highest power term is* 4 , and the exponent is 4. So the degree 
is 4 

(b) The highest power term is 3 y 6, and the exponent is 6. So the 
degree is 6. 

(c) The highest power term is 7 which can be written as lx 0 and so 
the exponent is 0. So the degree is 0. 

We do not assign any degree to the zero polynomial. (Why?). 

Example 4.6: Let p(y) = y 3 — y 2 + 2, and 

. <i(y) = y + i 

Find the degrees of p(y) + q(y) andpfy) — q(y) 

Solution: p(y) + q(y) = (y — y 2 + 2) + (y + 1) 

= (y 3 - y 2 + y + 3) 

Therefore, degree of p(y) + q(y) is 3. 

piy) ~ (illy) = (v 3 ~ v 2 + 2) - (y + 1) 

= y- y - y + i 

Therefore, the degree of p(y) — q(y) is 3. 

Example 4.7: Letp(u) = u 1 — u 5 + 2 u 2 + 1, and q(u) = —w 7 + u — 2 
Find the degree of p(u) 4- q(u) 

Solution: p(u) + q(u ) = (u — u S + 2u 2 + 1) + ( — u 1 +u —2) 

= -u 5 + 2« 2 + u -1 
Therefore, the degree ofp(u) + q(u) — 5. 

Example 4.8: Ifp(r) = 3t 2 - 2t + 1 ,q(t) = 3f 2 + f-1, 
find the degree of p(t) — q(t) 

Solution: p{l) — q(t) = (3 1 — 2t + 1) — (3 1 2 + t — 1) 

= — 3f + 2, 

and therefore, the degree of p(t) — q(t) is 1. 

From Examples 4.6, 4.7 and 4.8, we observe that the degree of the sum or difference 
of two polynomials is less than or equal to the degree of the polynomial with higher 
degree. 

Example 4.9: If p{x) = x 2 — 2x + 1 and q(x ) = x 3 - 3x 2 + 2x — 1 
find the degree of p(x) q(x). 

Solution: p(x) q(x) = (x 2 — 2x + 1) (x3 — 3x 2 + 2x — 1) 

=x 2 (x 3 — 3x 2 + 2r —1) —2x (x 3 -3x 2 + 2x-l) 

+ 1(x 3 -3x 2 + 2x-l); 

= (x 5 -3x 4 + 2x 3 -x 2 - (lx 4 - 6x 3 + 4x 2 - 2x) 

+ (x 3 - 3x 2 + 2x-l) 

= x 5 - 5x 4 + 9x 3 - 8x 2 + 4x—1. 
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So the degree of p(x) q(x) is 5. 

In the above examples, the degree oip(x) is 2, the degree of q(x) is 3 and the degree 
of p(x) q(x) is 5 We see that degree of p(x) + degree q(x ) = degreepf*) q(*) 

In general, we can show that the degree of the product of two non-zero polynomials 
is the sum of the degrees of the factors in the product. 

Exercises 4.2 

1, Find the degree of each of the following polynomials 

(i) 3x + 5 (ii) 3 

(in) 5 ( iv ) 0 

(v) 2 y + 3 — 5 y 2 (vi) 3m 2 — 5m + 7m 4 

(vir) u 3 (2 + 3 u) ( viii ) (2 1 +1 )(5 1 — 7) 

2 Find the sums of the following groups of polynomials and also find the degree of 
the sum in each case. 


(a) * 3 — 5x 2 + * + 2 

and 

x 3 - 3x 2 + 2x + 

(b) 3r 2 + 5* — 2 

and 

—3* 2 — 5* + 6 

(c)y b - 3/ 

and 

y 4 + y 3 + 2 y 2 - 

(d)t 2 + t- 7 

and 

t 2 + t 2 + 3t + 4 

(e) 3iT - 3u + 6, — u 2 

+ 4u + 3 and -2 u 1 + 4 


3. In the following subtract the second polynomial from the first and find the degree 
of this difference - 

(a) x 3 - 3x 2 + 6 ; x 2 — x + 4 

(b) u 1 — 3u 6 + 4 u 2 + 2; u 6 — u — 4 
(0 V 3 ~ 3y 2 +y + 2;/ + 2y + 1 

(d) C - 3t 3 + 2f + 6 ; f - 3t 3 - 6f + 2 

4. From the sum of u 4 - 3u 3 + 2u + 6 and u 4 - 3 u 2 + 6u + 2 subtract 
u 3 — 3u + 4. 

5. What should be added to* 4 — x 2 + x +2 to get* 2 + * + 4 ? 

6. What should be subtracted from* 3 — 2r 2 + Ax + 1 to get 1? 

7 In the following.tio'd the product p(x) q(x) and find the degree of this product: 

(0 P\x) = * + 3 and q(x) = * - 2 
(u) p(x) = * 2 - 4x + 4 andg(*) = * — 2 
(Hi) p(x) = * 2 + 3x + 2 and q(x) = * 2 + 2x +1 
8. Find p(u) q(u) itp(u) = u 2 + 3 u +1 and q(u) = u 3 - u 2 + 4. 

4.3 Division of a Polynomial by a Polynomial 

Let us consider two numbers 28 and 3. We know how to divide 28 by 3. We get quotient 
9 and remainder 1. We write 28 as 
28 = 9 X 3 + 1 

We observe that the remainder 1 is less than 3, the divisor. 
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Similarly we get 
27 = 9 x 3 + 0 

Here the remainder is 0 and we say that 3 is a factor of 27 Also observe that 
3^0, that is, the divisor is not zero. (Remember* division by zero is not 
defined). 

Now suppose p(x) and g(x) are two polynomials and g(x) * 0 If we can find 
polynomials q(x) and r(x), such that: 
p(x) = g(x) q(x) + r(x), 

where r(x) = 0 or degree r(x) < degree g(x), then we say that p(x) divided 
by g(x), gives q(x) as quotient and r(x) as remainder. 

If the remainder r(x) is zero, we say that divisor g(x) is a factor of p(x). 

We explain, by means of the following examples, the method of dividing a polynomial 
p(x) by another polynomial g(x) of smaller degree 


Example 4.10: Divide p(x) byg(x), where 
p(x) = jc 4 + landg(r) =x+l 



Here, the Quotient q(xj = x 3 -x 2 + x - 1 and the remainder r(x) = 2. 

We writejr + 1 - (/ - x 2 + x-1) (jc + 1) +2 

Note: Notice that the degree of g(x) is less than the degree of p(x). Therefore it 
is always possible to divide a polynomial of higher degree by a polynomial of lower 
degree (in the same variable). The process above stops as soon as the remainder 
is zero or the degree of the remainder becomes smaller than that of the divisor. 
In the above example, the remainder r(x)( = 2) is not zero and so the divisor x + 1 
is not a factor of p(x) = jc 4 +1. 

Example 4.11: Divide p(y) by g(y), if p(y) = y 3 - 3y 2 - y + 3 
andgfy) = y 2 — 4y + 3 
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Solution: 


y 2 - 4y + 3 


y + l 
7 - 3y 2 


■y + 3 


-7-V + 3 y) 


y 2 — 4y + 3 
-7 - 4y + 3) 


Here the quotient isy +1 and the remainder is zero. We write 

y 3 - iy 2 - y + 3 = (y + 1) 7 - 4y + 3) 

Example 4.12: Examine ify — 3 is a factor of p(y) = y — 2y + 3y — 18 
Solution: Ify — 3 is a factor of/?(yJ the remainder must be 0, when p(y) is divided 
by_y-3 Let us see if the remainder is zero by performing the division. 
y 2 4- y + 6 



Since the remainder is zero, (y— 3) is a factor ofy 3 — 2y 2 + 3y — IS. 


Exercises 43 


In each of the following questions divide the polynomial p by g am! find the quotient 
and the remainder. Find in which cases g is a factor of p 
1. p(x) = 5x 2 + 3x +1 ; 

2- p(y) =7-37+ 4y + 2 ; 

3. p(U) = u 3 + 3u 2 - 12u + 4 

4. p(x) = x 3 - Ux 2 + 37* - 60 
5 p(y) = y 6 4 3v 2 + 10 

, .3 


g(x) = 2x 
£(v) =J'-1 


- u-J. 


6. p(i) = t- 6r + lit 

7. p[x) = x 5 + 5x 3 + 3a: 2 + 5x + 3 

8. p(ti) = it 5 + u 4 + u 3 + u 2 + 2 u 

9 p(x) = lx 2 - 3* + 5 


SCO — x —2 
s(v) = y\ +1 
git ) - C - 5t 


4- 2 


g(z ) = .r w + 4.r 
s00 ^ w 3 + i 
x—a 


+ 2 


S (x) - X — 
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4.4 Remainder Theorem 

We will now explain a method for finding the remainder, without actually performing 
the process of division, when a polynomial p(x) with degree gieater than one, is divided 
by a binomial of the form x— a. We recall that the degree of the remainder should be 
either less than the degree of the divisor or the remainder must be zero. Since divisor 
lsr— a and has degree 1, the remainder must be zero or have degree zero, that is, it 
must be a constant which may also be zero. Tn any case, the remainder must be a 
constant. Let us consider some examples. 

Example 4.13 Let p(x) = x 4 + 2x 3 - 3x 2 + x — 1. 

Find the remainder when p(x) is divided byx— 2 
Solution: x 3 + 4x + Sx + 11 



Remainder is 21. 

In the above example let us evaluate p( 2). We get 
p(2) -■= 2 4 + 2(2 3 ) - 3 (2 2 ) + 2-1 
= 16 + 16-12 + 2-1 
= 21 . 

Thus we find that p{ 2) is equal to the remainder when p(x), is divided byx—2. Let 
us consider another example. 

Example 4.14: Find the remainder wheny 3 + y 2 - 2y + 1 is divided by y - 3. 

Here p(y ) = y 3 + y 2 — 2y -t 1 
Solution: y 2 + 4y + 10 

y 3 + y 2 - 2y + 1 

-(y 3 -3y 2 ) _ 

4y 2 - 2y + 1 
-(4 y 2 - 12y) 
lOy + 1 
- (ldy - 30) 

31 


y—3 
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Here remainder is 31. "What is p( 3) ? We have 
PC 3) = 3 3 + 3 2 - 2.3 + 1 
= 27+9-6 + 1 
= 31 

Thus we find that p( 3) is the remainder whenpfy) is divided byx — 3. 

Example 4.15: Let p(y) = y 3 + y 2 - 2y + 1 Find the remainder when p(y) is 
divided by y — a. Also find p(a). Do you see any relation between the remainder 
and p(a) 

Solution: y 2 + (1 + a)y + a( 1 + a) — 2 

y-a 


Here the remainder is 

1 + a[a(l + a) — 2] 

= 1 + a [a 2 + a —2] 

= a 3 + a 2 - 2a + 1 
Also p(a) = a 3 + a 2 — 2a + 1 
So we find that the remainder is equal to p(a) 

You may have observed that examples 4.13, 4.14, and 4.15 exhibit a relationship 
between p(a), the value of p(x) fora: =a, and the remainder obtained when p(x) is 
divided by x—a-. Actually the remainder = p(a). 

We state this result in the form of a theorem. 

Theorem 4.1: Remainder Theorem. 

Let p(x) be any polynomial of degree > 1, and a any real number. If p(x) is divided by 
x—a, then the remainder is p(a). 

The remainder theorem can be proved as follows. 

Proof: Let us suppose that, when p(x) is divided byx—(a, the quotient is q(x) and 
remainder is r(x). So we have 

p(x) = (x — a) q(x) + A(x),where r(x) = 0 or degree r(jc) < degree 
(x-a) 

Since degree of (x — a) is 1, either r(x) = 0 or degree of r(x) = 0 (< 1). So r(x) 
is a constant, say r. 

Example 4.16: Determine the remainder when the polynomial 
p(x) = x 4 — 3r 2 + 2x + l'is divided byx— 1. 
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Solution: By the remainder theorem, the required remainder = p(l) 

= l 4 - 3(1 2 ) + 2 (1) + 1 
= 1 — 3 + 2 + 1 
= 1 

Example 4.17: Find the remainder when p(x) - x 2 + 4x + 2 is divided by 
x + 2. 

Solution: x + 2 = x — ( — 2), so here a = -2. 
the remainder = p(a) — p(— 2) 

= ( —2) 2 + 4( — 2) + 2 
=4-8+2 
= -2 

Example 4.18: Determine whether* — 3 is a factor of p(x) = x 3 — 3x 2 + 4i — 12 
Solution: p{ 3) = 3 3 - 3(3 2 ) + 4(3) - 12 
= 27 - 27 + 12 - 12' 

= 0 

Since p (3) = 0, x — 3 is a factor of p(x) by the factor theorem 
Example 4.19: Find the value of a if jc— o is a factor of* — a x + x + 2 
Solution: Since x — a is a factor of p(x) = x 3 - a~x + x + 2, we must have 
P 00 = 0 

.*. a 3 — a 1 (a) + a + 2 = 0 

i.e a + 2 = 0, 

.. a = —2 


Exercises 4.4 

1 If /i(x) = 4x 3 — 3x 2 + 2x —4, find the remainder when p(x) is divided by 
(i) x — 1 (ii) x — 2 (iii) x + 1 

(iv) x-4 (v) x +2 ( vi ) x + ^ 

2. Use the factor theorem to determine if jc— 1 is a factor of 

x 6 — x 5 + x A - x 3 + x 2 - x + 1. 

3. In the following problems use the factor theorem to find 
if g(x) is a factor of p(x): 

(0 p( x ) = x 3 - 3x 2 + 4x - 4 and g(x) = x - 2 

(ii) ,p(x) = 2x 3 + 4x + 6, and g(x) = x + 1 

(iii) j?(x) = x 3 + x 2 + 3x + 175 and g(x) = x + 5 

4. Ifx — 2 is a factor of each of the following three polynomials, find the value of a in 
each case: 

(i) x 2 - 3x + 5a 00 x 2 - lax + ax - 1 

(iii) x 5 — 3x 4 - ax 3 + 3nx 2 + lax + 4 



I 



(l) Jt 3 +at 2 - 2t H + 4, 








i is a factor 


(i) / ' + It ' (! +1 
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Factoring a Polynomial 


5.1 Introduction 

So far as the properties of addition, multiplication,subtraction and division are 
concerned, polynomials behave in exactly the same way as the integers do. 

The product of two integers, say 18 and 15, is another integer 270. We write 
18 x 15 = 270 

Viewed the other way about, 18 and 15 are two factors of 270, and we write 
270 = 18 x 15 

Now, 270 has also factors other than 18 and 15. As such, 270 can be expressed as a 
product of its factors in more than one way, For example, 

270 = 6 x 3 x 15, 270 = 2 x 3 x 3 x 15, 270 = 18 x 5 x 3, 

270 = 6x3x5x 3, 270 = 2x3x3x3x5 

There is something special about the last expression. Each of the factors is a prime 
positive integer. We have 270 also a positive integer. And this is the only way the 
positive integer 270 can be expressed as a product of its prime factors. 

In exactly the same way, ifg(x) and h(x) are two polynomials, their product is a 
polynomial p(x). We write 
g(x) h(x) = p(x) 

Viewed the other way about, g(x) and h(x) are two factors ofp(x), and we write 

P(x) = g(x) h(x) 

Thus ,p(x) can be factored (or factorised) into two factors g(r) and h{x). Now ,p(x) 
may admit of factors other thang(x) and h(x) as well, and in that case it maybe possible 
to express p(x) as a product of its factors in more than one way. 

Perhaps, by now, you may have begun to wonder: (i) whether there are polynomials 
which may be called prime polynomials, ( li ) whether it is possible to express every other 
(non-prime) polynomial as a product of its prime factors, and («'i) whether there is 
exactly one way in which a polynomial may be expressed as a product of its prime 
factors. 

You will discover the answer to these questions gradually. 

Some Special Names of Polynomials 

Consider the following polynomials: 

(1) * + 3 (2) 2t - 7 

(3) x 2 - fa + 2 (4) 7x 2 — lx + 1 



74 


MATHEMATICS 


(5) x- 3 - it 2 + 4 (6) 3x 3 - 2x 2 + fa - 1 

(7) &x 4 - fa 3 + 3x 2 + x - 3. 

In these, (1) and (2) are polynomials of degree 1, (3) and (4) are of degree 2, (5) 
and (6) are of degree 3; and (7) is of degree 4 

A polynomial of degree 1 is called a linear polynomial , a polynomial of degree 2 is 
called a quadratic polynomial, a polynomial of degree 3 is called a cubic polynomial, a 
polynomial of degree 4 is called a biquadratic polynomial ( or a quartic polynomial)-, 
and so on 

A linear polynomial Lnx is in general of the form ax + b and a quadratic polynomial 
mar is in general of the form ax 2 + bx + c\ In both these polynomials, a ^ 0. 

Methods of Factoring A Polynomial 

There are no standard methods or procedures for finding the factors of a polynomial, 
except in some very special cases. 

If c is a non-zero real number, so that c is a (constant) polynomial of degree 0, we 
have for any polynomial f(x) 

f(x) = c[ 1 -f(x)\ 

which shows that c is a lactor of /( x). Thus a non-zero constant c is a factor of every 
polynomial. Therefore, the problem of Finding factors of a polynomial, in practice, 
reduces to that of Finding factors of positive degree, that is, of degree n > 1 

In what follows, we shall attempt to find, where possible, linear factors of a quadratic 
polynomial 

ax 2 + bx i- c, a, b, c e R, a -a 0. 

We emphasise the phrase "where possible". It can be easily shown by an example 
that not every quadratic polynomial can be factored into linear factors. Consider for 
example 

4x 2 - 4x + 2 

For any real number h, 4h 2 - 4h + 2 = (2h — l) 2 + 1 > 0 and therefore 
4h 2 — 4/i 4-2^0 and hence (x - h ) is not a factor of 4x 2 — 4x + 2. Consequently 
4x“ — 4r + 2 cannot be factored into linear factors. However, for the present we shall 
consider only such quadratic polynomials as can be factored into linear factors. 

5.2 Factoring a Quadratic Polynomial 

Recall the following formulae, you learnt in your lower classes' 

(/') (x + a) 2 = x 2 + lax + a 2 
(») (x - o) 2 = x 2 — lax + a 2 
(iiii) (x - a) (x + a) = x 2 - a 2 
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Each of the above formulae has two interpretations. For example, 

(i) states 

(x + a) 2 = x 2 + 'lax + a 2 

Viewed as a multiplication problem, we know that when (x + a) is multiplied by 
itself, the product can be written asx 2 + 2 ax + a 2 , a quadratic polynomial. Viewed as 
a problem of factorisation, we find that a quadratic polynomial of the form x 2 + Tax 
+ a 2 can be factorised as (x t- a) (x + a), which in short, can be written as (x + a) 2 
Similar remarks apply to the other two formulae. Hence, if a quadratic polynomial 
fits the expression on the right-hand side, in one of the above formulae, the factor, can 
be immediately written down, as on the left-hand side 

Example 5.1: Factorise: x 2 - 18x + 81 
Solution: x 2 — 18x + 81 = x 2 — 18x + 9 2 

= x 2 - 2.9x + 9 2 
= (x- 9) 2 

2 

Example 5.2: Resolve into factors - 49x + 14x + 1 
Solution: 49x 2 + 14x + 1 = (7x) 2 + 2(7x) 1 + l 2 

= (7x + l) 2 

Example S3: Factorise: 45 a 2 b + 5 ab 3 — 30 a 2 b 2 
Solution: 45 a 3 b + 5 ab 3 - 30 aV = 5 ab (9a 2 + b 2 - 6ab) 

= Sab [(3a) 2 - 2 (3 a)b + b 2 ] 

= 5 ab (3a - bf 

Remarks: It was easy to observe that the monomial 5 ab was a factor common-to 
all the terms. So we used distributive law. The expression within brackets is easily 
recognised as a polynomial in a. 

Example 5.4: Factorise: 49 - 64x 2 
Solution: 49 - 64x 2 = (7) 2 - (8x) 2 

= (7 - 8x) (7 + 8x) 

Example 5.5: Factorise: 16 (2x — l) 2 — 25z 2 
Solution: 16 (2x - l) 2 - 25z 2 = [4 (2x - 1) ] 2 - (5z) 2 

= [4 (2x - 1) - 5z] [4 (2x — 1) + 5z 1 
= (8x - 5z - 4) (8x + 5z - 4) 

Example 5.6: Resolve into factors: 25x 2 — lQx + 1 — 36 y 2 
Solution: 25 x 2 - lQx + 1 - 36 y 2 = (25x 2 - 10* + 1) - (6y) 2 

= [ (5x) 2 - 2(5x).l + l 2 ] - (6y) 2 
= (5x - l) 2 - (6y) 2 
= (5x — 1 — 6y) (5x — 1 + 6y ) 
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Exercises 5.1 


1. Resolve into factors: 

(0 4x 2 + 12* + 9 
(Hi) 144 y 2 + 24y + 1 
(v) 100 - 9z 2 

(vii) a 2 - 25 6 2 
(6c) 18xV - 32 

2. Factorise: 

(0 ^ - 9 

liii ) x 3 - * 

\jCOW©; 4(x - v) 2 - 12(x - 
« + b + 2 (ah + , 


(«) 9x 2 - 24x + 16 
(iv) 3<k 2 + 25 + 6(lx 
(vi) 49 - 64 k 2 
(viii) 4a 2 — (2b — c) 2 
(x) 3x 3 y - 243 xy 3 

(ii) 25x 2 - lQx + 1 - 36z 2 
(iv) 1 — 2 ab + (a 2 + b z ) 

G* + y) + 9(x + y) 2 
+ ca) 


5.3 Method of Splitting the Middle Term 

We want to factorise x 2 + bx + c into factors of the form* + p and x + q. 

Suppose that* 2 + bx + c = (x + p) (x -f q) 

= x 2 + (p + q)x + ^identically. 

Comparing both the sides we get 
p 4 q = b, 
and pq - c. 

Thus, if we find p and q satisfying the above two conditions, then we can write 

X 2 + f>x + c 
2 

= x + px h qx + pq 
= (x 2 + px) + (qx + pq 
= x (x + p) + q (x + p) 

= (* + <?) (* + P) 

Thus in order to factorise x + bx + c we have to find numbers p and q such that 
their sum is b and their product is c. Once we find p and q, we split the middle term bx 
in the quadratic a spx + qx and get the desired factorisation by grouping the terms, as 
shown above We shall now explain this method by means of examples. 

Examples 5.7: Factorise x 2 + 6x + 8. 

Solution: We want to findp, q such thatp + q - 6 and pq = 8 
So p, q may be ! wo factors of 8 such that their sum is 6. Let us examine factors of 8. 

We have 

8 = 1x8, but the sum of the two factors = 1 h 8 = 9 ^ 6 
Also 8 = 2x4; here the sum of the two factors = 2 + 4 = 6, as we wanted. So we 
take p = 2; q = 4. 

We now sjplit middle term fir in the quadratic as 2r + 4r, so that: 
x" T fix + 8 = x 2 +- 2x + 4x 4- 8 

- (x 2 F 2x) + (4x + 8) 
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= x (x + 2) + 4 (x + 2) 

= (x + 2) (x + 4) 

Thus, x 2 + 6x + 8 = (x + 2) (x + 4) 

Example 5.8: Factorise x 2 + 5x — 24. 

Solution: We need p, q such that 
pq = -24 ;p + q = 5 

Now p and q may be factors of —24 such that their sum is 5. 

Factors of —24 are (1) x ( — 24), 

(-D x 24, 

2 x (-12), 

(-2) x 12, 

3 x (-8), 

( — 3) x 8, etc 

If we take p = — 3, q = 8, then p + q = 5 as required. Thus we split the middle 
term as follows: 

x 2 + 5* —24 = x 2 — 3* + 8x - 24 

= (jc 2 - 3x) + (fir - 24) 

= x(x — 3) + 8 (a — 3) 

= (x - 3) (x + 8) 

Hence the required factorisation is 

x 2 + 5x - 24 = (x - 3) (a + 8 ) 

Example 5.9: Factorise* 2 — 5* + 6. 

Solution: In this case pq = 6,p + q = — 5 
Factors of 6: 1x6, 

( -1) x ( -6), 

2x3, 

and ( — 2) x ( — 3) 

we take p = — 2; q — — 3, then pq = 6, p + q~ = — 5 
Now, by splitting the middle term, we get 

x 2 — 5x + 6 = x" — 2x — 3* + 6 

= (x 2 — 2t) + ( — 3r + 6) 

= x(x - 21 — 3 (x - 2) 

- Or - 2) (x - 3) 

.-. * 2 — Sc + 6 = (jc — 2) (a — 3) 

Example 5.10: Factorise* 2 — 5a — 14. 

Solution: Here pq = —14,p + q = —5 
Factors of —14 : ( —11 '-< 14, 

1 x ( -141, 

2 x ( - 71, 
and ( —2) x f 7 ) 

If p = 2 and q — —7, then pq = - 34 and p + q - — 3 
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Now we split middle term to get 

x 2 — 5x — 14 = x 2 + 2x — lx — 14 

= (x 2 + 2x) - (lx + 14) 

= x(x + 2) - 7 (x + 2) 

= (x + 2) (x- 7) 

.• x 2 - 5x ~ 14 = (x + 2) (x - 7) 

Example 5.11: Consider x 2 + x + 1. Can we factorise this ? We need p, q such 
that pq = 1 and p + = 1 It is not possible to find any such p and q (Why ">) 

Thus this quadratic cannot be factorised. As we mentioned in the introduction, 
you will learn the condition under which a quadratic can be factorised, in your 
higher classes 


Exercises 5.2 


1. Factorise the following quadratic polynomials by splitting the middle term - 


(0 x + 14x + 45 
(in) x 2 - Ux - 42 
(v) u 2 - 30u + 216 
(vii) x 2 + 14x + 48 
(a) x 2 + 5jc — 36 


(ii) - 22x + 120 
(jv) x 2 - 21x + 108 
(vi) y 2 + 2y — 3 
(viii) y 2 — Ax — 21 
(x) x 2 ~ 23x + 132 


5.4 Method of Splitting the Middle Term (Continued) 

We shall now see how we can use the method of splitting the middle term to factorise 
quadratic polynomials of the form ax 2 + bx + c. (In Seclion 5.3 we learnt this method 
when a = 1). 

Evidently we cannot factorise ax 2 + bx + c as (x + p) (x + q ) (when a ^ 1) because 
then the product of (x + p) (x + q ) will have 1 as the coefficient of x 2 , whereas the 
coefficient is a & 1. So we try to factorise it as a product of linear polynomials 

( px + q) and (rx + s) 

Let ax 2 + bx + c = (px + q) (rx + s) 

- prx 2 + (ps + qr)x + qs 

Comparing the coefficients on both the sides, we get 
a = pr, 
b = ps + qr 
and c — qs 

Now ac = (pr) (qs) = (ps) (qr) 

If we put l = ps and m = qr, then we get 
Ini = ac 
l + m = b, 

once again, splitting middle term bx as (l + m)x. 
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So we have to find /, rn such that 
Im = ac 
l + m = b 

After splitting the middle term, we then group terms as m Section 5.3 We explain 
this procedure in the following examples. 

2 

Example 5.12: Factorise Gx — x — 2 
Solution: Here a = 6,b = — 1, c = — 2 
So we want to find /, m such that 
Im = ac — —12 
I + m = b = —1 

Factors of —12 . 1 X ( —12), ) — 1) x 12; 2 x ( — 6), ( — 2) x 6. 

3 x { -4): (-3) x 4 
We see that if we take l = 3, in = — 4. 

We get Im = —12 = ac 
/ + ni = — 1 = b 

We now do the splitting of the middle term 

hr 2 - y - 2 = 6 k 2 + (lv - 4x) -2 
= (6x 2 + 3x) - (4x + 2) 

-- 3* (2 a + 1 ) -2(2* + 1) 

= (2x + l) (3x - 2) 
i.e , 6x 2 — x ~ 2 = (2r + 1) (3x - 2) 

Example 5.13: Factorise 5a 2 — 32a - + 12 
Solution: a = 5; b ~ — 32, e = 12 
We want to find l, m such that 
lm= 5 x 12 = 60 
I ~r 171 ~ — 32 

/, in are factors of 60 whose sum is —32 
We have factors of 60. 1 x 60, — 1) x ! —60) 

2 x 30; ( -2) x ( -30). 

We see that ll 1 = — 2, m = -30 we ire' 
lin = 60; / - m - -32 

Thus we can split middk term -32a as —30i<mdgei 
5.r 2 - 3 .* i- 12 = 5, : lx - 3d> r 12 

= (jr 4- 12i 

--if-'. 

- /?■ - : l (x - '■! 

Thus, 5.i‘ - 32x A 12 -= (5’ - 2! f.v - fe) 
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Factorise the following bj splitting the middle term: 

(i) It 2 -It - 8 (ii) dr 2 - 5t - 6 

(lit) 3u 2 - lOn + 8 (iv) 6u 2 +17« + 12 

WV-j-fl («)12t 2 - 25i + 12 
(vii) 14c 2 + ISt -3 (wri) l 2 + 1r-lJ 
(it) 24i 2 -dSr + 21 (t) hr 2 - Ifix - 21 

(n) VI 2 + llj + d\/I (ni) It 2 - 3t + 4 

(ob) 4yS 2 + 5t - 2\/3 (nv) 14t 2 + 9r+1 

(tv) pi + (4p 2 - fy)t -12 m 



CHAPTER 6 


Linear Equations in One Variable 


6.1 Linear Equations 

We recall that an equation is a statement of equality which involves one or more 
unknown quantities, called the “variables.” We shall study in this chapter only 
equations involving one variable. Examine the following examples: 

(z) 3x + 4 = 2 

(») Ly + 1 = 3 y + ~ 

(i iii ) 2x + 3 = 4 jc + 1 

(iv) x 2 + 4 = 2x 

(v) * 3 + 4x 2 = 3x + 2 

In the examples (z), (zz) and (iii) above, only linear polynomials occur, whereas in 
(zV) and (v) quadratic and cubic polynomials are involved. An equation involving only 
linear polynomials is called a Linear Equation. 

Exercises 6.1 

Which of the following equations are linear equations? 

(/) \x + 4 = 2x - 3 (zz) 5 y - 3 = 25 + 4 

(iii) u + 4 = u 1 - 4 (iv) 3r + 2 = 5x - 7 

(v) x 1 + 2 = x + 1 (vz) y — 3 = 3y + 4 

(vii) u + ~ = 5 (viii) (x - l) 2 = x 2 - 2 

(ix) (x — 1) (x — 2) = 6 (x) (x — 2) (jc + 3) = x + 7 

6.2 Solution of a Linear Equation 

Consider the linear equation 
3jc — 2 = 7 

If we substitute the value 2 for *, we get 

Left-Hand Side (L.H.S) =6 — 2 = 4, 

Right-Hand Side (R.H.S) = 7 
and therefore L.H S. ^ R.H S. 
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If we substitute the value 3 for *, we get 
LHS =9-2 = 7 = R.H.S. 

A value of the variable, which, when substituted for the variable m the equation, 
makes the two sides (of the equation) equal, is called the “solution” of the equation. 
Thus 2 is not a solution of the above equation, whereas 3 is a solution. 

Example 6.1: Verify that —3 is a solution of 
3ec + 2 = -7 

Solution: If we substitute* = —3, we get 

L.H.S. = -9 + 2 = -7 = R HS. 

Therefore - 3 is a solution. 

Example 6.2: Verify that —2 is a solution of 
2* + 6 = 5* + 12 

Solution: If we substitute* = —2, we get 
L.H.S. = -4 + 6 = 2 
and R.H.S. = -10 + 12 = 2 

Therefore L.H.S. = R H S. Hence, —2 is a solution of 2* + 6 = 5* + 12. 
Example 6.3: Examine whether -1 is a solution of 


3* 


t = 5,-4 


Solution: If we substitute* = ^, we get 


LHS- = % 


and R.H.S. = i ± = 2 


= 2 


So, L.H S. = R.H.S. Thus ^ is a solution of the equation 

Example 6.4: Examine whether 5 is a solution of 
2* + 6 = 3* - 8 

Solution: If we substitute* = 5, we get 
L.H.S. = 10 + 6 = 16 
and R.H.S = 15 - 8 = 7 

So, L.H.S. ^RHS. Therefore 5 is not a solution of this equation 
Solving a linear equation means finding a value of the variable which satisfies the 
equation How does one solve a linear equation? We use the following obvious 
properties of equality: 

(1) We can add the same quantity to both sides of an equality without 
changing the equality 

We can subtract the same quantity from both sides of an equality without 
changing it. 

We car. multiply both sides of an equality by the same non-zero number 
without changing it. 


( 2 ) 

( 3 ) 
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(4) We can divide both sides of an equality by the same non-zero number 
without changing it. 

We now solve the following equation using the above properties. 

Example 6,5: Solve 2* + 3 = 7 
Solution: Adding —3 to both sides, we get 

2* + 3 + (-3)=7 + ( —3), which gives 
2x = 4 

Dividing both sides by 2, we get 

i (2x) = ~ (4), which gives x =■ 2 

Thus 2 is the solution. 

Example 6.6: Solve 12*: + 4 = 4x -I- 28 
Solution: Add —4 to both sides to get 

12* + 4 + (~4) = 4x + 28 + (—4) 
i.e , 12* = 4* + 24 

Add —4* to both sides to get 

12* — 4* = 4* + 24 — 4* which gives 
&* = 24 

Dividing both sides by 8, we get 

| (8*) = | (24), giving 
* = 3 

Thus 3 is the solution. 

Note: In Example 6.5 above, instead of adding —3 to both the sides of the- 
equation, transposing 3 to R.H.S. after changing its sign would have had the same 
effect. This is called the “transposition” method It must, however, be 
remembered that while transposing a term from one side to the other side, the 
sign of the term must be changed. 

In both these examples, our idea is to get the terms involving the variable to the 
left-hand side and those terms not involving the variable to the right-hand side, and 
then solve. This can be done by the method of transposition, as explained in the above 
note. Consider the following examples - 

Example 6.7: Solve 2* + 6 = * — 8. 

Solution: Bringing variable terms to the left-hand side and those not involving the 

variable to right-hand side, we get 

2 * — *=—8— 6 (by transposition, changing the signs of 6 and*) 

Thus * = —14 
So, —14 is the solution. 
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Example 6 . 8 : Solve 3x + 7 = 20 
Solution: = 20 — 7 (by transposition) 

i.e. 3tr = 13 

Hence, x = ^ 

11 

So, 7 ^ is the solution. 

Example 6.9: Solve 2r — 7 = 7x + 4 
Solution: 2x — 7x = 4 + 7 
-5x =11 



So, the solution is — g- 


Exercises 6.2 

1. In the following equations, verify whether the given value of the variable is a 
solution of the equation: 

(i) x + 4 = 2r; x = 4. 

O'O y - 7 = 3y + 8 :y = 3. 

(in') 3u + 2 = 2u + 7 ; u = 5. 

(iv) 2x — 3 = — 2 ; jc = \/T 

/ , 5 „ 21 _ 

(v) -^x + 3 = 3 

(vt) 24 — 3 (« — 2) = u + 8 ; u = — 1 

(vii) (x - 2) + (x + 3) = x + 8 ; x ~ 0 

2. Solve the following equations: 

(0 3x + 3 = 15 O'j) 2y + 7 = 1<J 

0*0 + 3 = ^ (iv) - 2 = 2V3" + 4 

21 

( v ) 8« + - = 3« + 6 (vi) (yT + 5) .v + 4 = 2i/5 + 8 

(w7) 2r - (lr - 4) = 3* - 5 ( viii) 2x + \/T - 3x - 4 - 3y/2 

6.3 Applications of Linear Equations 

In this section we shall use linear equations to solve some simple practical problems. 
We shall illustrate this by means of the following examples. 

Example 6 . 10 : Find the number which, when added to its half, gives 33. 

Solution: We denote the number to be found by a variable. So let the number bea. 
Wc then use the given information to formulate a linear equation for x. We do this 
as follows: 
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We are given that the number added to its half gives 33. 

Hence, 

x + ^ * = 33 

This gives us 

h * 33 

Solving this we get 

x = (33) x | 

= 22 

Thus 22 is the required number. 

(Let us verify our solution: 

22 + half of 22 = 22 + 11 = 33, as we wanted) 

Example 6.11: Ramu is now half his father’s age. Twenty years ago the age of 
Ramu’s father was six times Ramu’s age. What is Ramu’s age now? What is 
Ramu’s father’s age now’ 

Solution: In this example, it looks as though there are two unknown 
quantities — namely, Ramu’s age and Ramu’s father’s age. But since Ramu is now 
half his father’s age, it is enough to know the age of Ramu’s father. Then we can 
find Ramu’s age also. So let x be the present age of Ramu’s father in years. 

.-. Ramu’s age now — jc years 

We now use the information given to formulate an equation for x. 

Twenty years ago Ramu’s father’s age = x — 20 years 

Twenty years ago Rainu’s age = — 20 years 

jc — 20 = 6 {y-x — 20), (since we are given that 20 years ago Ramu’s 
father was six times as old as Ramu) 

We now solve the linear equation 
* — 20 = 3* — 120 
.-. —lx = -100 

x =50 

The present age of Ramu’s father = x years = 50 years 
Ramu’s age now = years - 25 years 

(Verify: 20 years ago Ramu was 5 years old, his father was 30 years old, and thus 
the father was 6 times as old as Ramu). 

Example 6.12:The length of a rectangle is 3 cm more than its breadth. If the 
perimeter of the rectangle is 18 cm, find the length and breadth of the rectangle. 
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Solution:In this example, again, it appears that there are two unknowns - namely, 
the length and breadfh of the rectangle. However, if we know the length of the 
rectangle, we cair get the breadth by subtracting 3 cm from it. So let x cm be the 
length of the fectangle. 
length = x cm 
breadth = (x — 3) cm 
Perimeter = [2v + 2(x - 3)] cm 
= (4r — 6) cm 
We are given perimeter = 18 cm 

.• ,4x — 6 = 18, giving a linear equation. 

Solving, we get 

4x = 18 + 6 = 24 
: x = 6 

length = 6 cm; breadth = 3 cm 

Ketnarks:Examining the above examples, we find that we follow basically three 
steps to solve such problems 

Step (1): Denote the unknown quantity byx. 

Step (2): From the information given, formulate a linear equation for*. 
Step (3): Solve the linear equation to find*. 

Note: If there are more than one unknown quantities, then in Step 1 call one of 
these as x and write the others in terms of* 

Exercises 6.3 

1. A number added to its two-thirds is equal to 35 Find the ntimber. 

( j^The sum of two numbers, one of which is \ times the other, is 50 Find the two 
numbers. 

3. In a class with 48 students, the number of girls is ^ times the number of boys. Find 

the number of boys and the number of girls in the class. 

4. A boy is now one-third as old as his father. Twelve years hence he will be half as 
old as his father. Determine the present age of the boy and that of his father. 

5. A man leaves half his property to his wife, one-third to his son and the remaining 
to his daughter. If the daughter’s share is Rs 15,000, how much money did the man 
leave? How much money did his wife gel? What is his son’s share? 

6. The length of a rectangle is 5 cm more than the breadth. If the perimeter of the 
rectangle is 40 cm find the length and breadth of the rectangle. 

7 The length of a rectangle is 4 cm more than the breadth, and the perimeter is 
It cm more than the breadth. Find the Length and breadth of the rectangle 
8. The angled of a triangle ABC is equal to the sum of the other two angles. Also, 
the ratio of the angle B to the angle C is 4 : 5. Determine the three angles. 
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9 The sura of two numbers is 50, and their difference is 10. Find the numbers 

10. A number consists of two digits The digit at the ten’s place is two times the digit 
at the unit’s place. The number, formed by reversing the digits, is 27 less than the 
original number. Find the original number. 

11. 5 years ago, the age of a man was 7 times the age of his son The age of the man 
will be 3 times the age of his son in five years from now. How old are the man and 
his son now 9 

12. The perimeter of a rectangular field is 80 m. If the length of the field is decreased 
by 2 m and its breadth increased by 2 m, the area is increased by 36 sq.m Find the 
length and the breadth of the rectangular field 

13 Divide Rs 335 among A, B and C, so that A may have Rs 20 more than B, and C 
Rs 15 more than A. 

14 A number consists of two digits of which the ten’s digit exceeds the unit’s digit by 
6. The number itself is equal to ten times the sum of digits. Find the number. 

15 Two men start from points A and 3, 42 km apart. One walks at 4 km per hour and 
meets the other, going in the opposite direction, after 6 hours. Find the rate at 
which the second man is walking. 

16 The difference between two numbers is 642. When the greater is divided by the 
smaller, the quotient is 8 and the remainder is 19. Find the numbers. 

17. Divide 300 into two p.tr.s co uim half ol one pan may *..l . .a the other b\ 4b 

18 Divide Rs 243 into three parts such that half of the first part, one-third of the 
second part and one-fourth of the third part, shall be equal 

19 By selling a car for Rs 72000, a person made a profit of 20% What was the cost 
price of the car? 

20. On the occasion of Diwali, Khadi Bhandar allows a discount of 20% on all textiles 
and 25% on ready made garments. Hari paid Rs 180 for a gown. What was the 
marked price of the gowns? 

21. A and B can do a piece of work in 8 days, which A alone can do in 12 days. In how 
many days can B alone do the same work? 

22 A steamer goes downstream from one port to anothei in 4 hours It covers the same 
distance upstream in 5 hours. If the speed of the stream be 2 km per hour, find the 
distance between the two ports. 

23. A cycled from P to Q at 10 km per hour and returned at the rate of 9 km per hour. 
B cycled both ways at 12 km per hour. It was discovered that for the total journey, 
B took 10 minutes less than A. What is the distance between P and Q1 

24. In an election for a Corporation seat, there were two candidates A total of 9791 
votes were polled. 116 votes were declared invalid. The successful candidate got 5 
votes for every 4 votes his opponent had. By what margin did the successful 
candidate win? 

25. A 700 g dry fruit pack costs Rs 72. It contains some cashew kernel, and the rest as 
dry grapes. If cashew kernel costs Rs 96 per kg, and dry grapes cost Rs 112 per kg, 
what were the quantities of the two dry fruits separately? 
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26. A man invested Rs 35,000; a part of it at an annual interest rate of 12% and the 
rest at 14% If he received a total annual interest of Rs 4460, how much did he 
invest at each rate? 

27 There are benches in a classroom. If 4 students sit on each bench, three benches 
are left vacant; and if 3 students sit on each bench, 3 students are left standing. 
What is the total number of students in the class? 

28 If a scooterist drives at the rate of 24 km per hour, he reaches his destination 5 
minutes too late; if he drives at the rate of 30 km per hour, he reaches his 
destination 4 minutes too soon. How far is his destination? 

29. Two planes start from a city and fly in opposite directions, one averaging a speed 
of 40 km/hour greater than that of the other If they are 3400 km apart after 5 hours, 
find their average speeds. 

30. A pharmacist needs to strengthen a 15% alcohol solution to one of 32% alcohol. 
How much pure alcohol should be added to 400 ml of the 15% solution? 



CHAPTER 7 


Logarithms 


7.1 Rational Powers of a Real Number 

You are familiar with powers of rational number and the laws obeyed by their 
exponents. Now that you are working with real numbers, it is desirable to define powers 
of real numbers. As you will see in a short while, powers of real numbers are defined 
much in the same way as powers of rational numbers and the same laws of exponents 
hold in this case also. 


Definition 

Integral Power: For any real number a and a positive integer n, we define a” as 
a" = a x a ... x a (it factors) 

If in and n are positive integers, and m > n, then for a * O 
a™ a x a x ... x a (m factors) 

a a a x a x . x a (n factors) 

_ a x a x ... x n[(m-«) factors] 


T 

= fl m ' n 

If m = n, then = a m-m = a 0 , i.e. = 1. Hence, by definition we take a 0 = 1. 
a 

m 0 

Again, if we take m = 0 in = a m ~ n , we get - n = - n = a 0-11 = a~ n 

a a a 

Hence, for a positive integer n, we definee" n = ^ n- ^ e can now 
Ji 

say that = a , whether m > n, orm = n, or in < n. 
a 

a 11 is called the nth power of a. The real number a is called the base and n is called the 
exponent of the nth power of a. 


Illustrations 

(0 3° = 1 

m 5- 2 = - 

5 2 



(» ) 2 3 - 2 x 2 x 2 = 8, 
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Laws of Integral Exponents 

For any two real numbers a and b, a, b * 0, and for any two positive integers, m and 

f,)a m a n = a m + n (i«)> a™ - a" = fl 01 "" 

(in ) (a m ) n = a mn (IV) (abf = aV 

w (i 

The proofs of these laws lollow directly Irom the definition and wc leave it to the 
student as an exercise. 



Illustrations 



00 5 6 - 5 2 = 5 6 - 2 = 5 4 
(tv) 6 4 = (3 X 2) 4 = 3 4 2 4 


We recall here, without proof, the following result. 

If a is a positive real number (i e, a > 0), and n a natural number, then there exists a 
unique positive real numberx such that x n = a 


Definition (Principal nth root) 

For any real number a > 0 and a positive integer n, the principal nth root of a is the 
unique positive real number x, such thatx n = a. 

The principal nth root of a positive real number a is denoted by the symbol 
»tir \Ja 

Remarks: For any real number, a < 0, and a positive odd integer n, the principal 

I i. - 1 

nth root of a is - \a ) n For example (- 8)’ = — | — 8 ] 3 = — (8 3 ) = -2 

Fora < 0, andn a positive even integer, the principal nth root of a is not defined 

si nce an even _Rower of a real number is always positive iTherefore (—16)^ is a 
meaningless symbol, if we confine ourselves to re^l numbers only. Later, when 
you study complex numbers, expressions like (—16)* ' will have a meaning. 

Definition (Rational Exponents) 

For any real number a > 0 and a rational number 2 fa > 0), 

i q 

For example: (i) (4) J = (4 3 ) 2 =(64)* =8 

l , i I 

00 (-4)* = [ ( — 4) J J 3 = (— 64) 2 , is a meaningless symbol, 

because there is no real number x such that x 2 = — 64 
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We have defined a m for rational number m only. a m can also be defined for real 
values ofm but it is beyond the scope of this book to do so. The same laws of exponents 
as are valid for rational exponents hold for real exponents also. 

Laws of Exponents 

— £ 

Based upon definitions of a q and at , q > 0, and the laws of exponents for 
integral exponents it can be shown that these laws hold for rational exponents as well 


Illustrations 

(i) 10 7 . 10 7 = 10 7 + 7 = 10^ (u)10 7 ^ 10 7 = 10- 7 “ 2 = 10 7 

(iii) [ (16) 7 ] 7 = 16 2 ‘ T = 16 7 

1 L i i. i 

(iv) (50)’ = (25 x2)> (25) 2 <" 2 2 = 5 2 2 



We illustrate the applications of these laws by means of a few more examples In 
many cases it is convenient to work with radicals rather than with rational exponents. 
Although -ir is n-ot a rational number, yet we may use Vtt instead of -tr 1 

A A 3 i 

Example 7.1: Simplify: (i)-ir 7 .-ir 2 , ( 11 ) 11 * - ir 2 

I li I . 1 A 

Solution: ( 1 ) 11 * ir 1 = nt 4 2 = it* , 

A i a _ i i 

(ii) it * -Htij = it'* 2 =, rr + 

1 1 i - - 

Example 7.2: (V^tt) 2 = (\/2) 2 ir 2 =2* it 2 

Example 7.3: If x be a non-zero real number, and /, m, n positive integers, show 
that 


fx m \ l fx n \ m fS_\ 

{ x n ) Wj \x m ) 


n 

= 1 


Solution: The expression 

1 =(x m ~ a ) 1 (x n_I ) m .(* 1_m ) n 

\XJ \xj _ loi-ln^nm-lin^tn-mn 

_ lm—In + mn-lm + In-mn 

= *° 

= 1 



Example 7.4: Simplify: (12) 1|, “. \f25 
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Solution 


: (12) 2 x i/25 =(4x3) T x ' V? 


1 -1 

= 4 2,3 j - S 3 

1 1 cT 

= —r* —v" 5 3 

3 1 


1 3*. 5’ 

3 1 

1 1 2 

= I.3 2 5 3 
6 


Exercises 7.1 

1 Simplify each of the following, removing radical signs and negative indices 
wherever they occur 1 


( 1 ) 0/4)'i 
1 


(?) (W) (xAr 7 (V 2 )- 5 

2 Assuming that jc,y, z are positive real numbers, simplify each of the following: 


(») (V5i" 3 .(v5)' 3 

(/v) (25f’ X (Jib 

(W) (xAr ? (V2r 5 


(0 V* V 

(»0 (VS - 3 ) 5 (IV) (VSTt^ 4- vS^I 

(v) yxy 2 "^ v^y. (no y y? 

3 Assuming that.x,y, z are positive real numbers and the exponents are all rational 


00 (x \-y T ) 2 


numbers, show that 


x a )o 2 + <7b + b 2 he + c 2 ^* c, )c 2 + + a 


® (?) 

00 \4 _1 y 


/z 1 x = 1 


h,i- , e, -L 


( "°(?) ab (?) b0 (/) s - 1 

Aw)_*_+-1_ + 1 _ 

^i+T^+z- 3 i + jt a - b +/- b i+7^ + x a 
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7.2 Definition and Laws of Logarithms 

Sometimes, we have to work with large numbers A numerical expression may involve 
multiplication, division or rational powers of large numbers For such calculations, 
logarithms are very useful They help us in making difficult calculations easy We shall 
first introduce this new concept, and discuss the laws, which will have to be followed 
in working with logarithms, and then apply this technique to a number of problems 
to show how it makes difficult calculations simple. 

We know that 

2 3 = 8, 3 2 = 9, 5 3 = 125,7° = 1 

In general, for a positive real number a, and a rational number m, let 

„m 

a = ft, 

where b is a real number In other words 
the mth power of base a is b. 

Another way of stating the same fact is 
logarithm of b to base a is m. 

Definition 

If for a positive real number a, a ^ 1 
„m _ . 
a = b, 

we say that m is the logarithm of b to the base a. 

We write this as 

log .b = m 

“log" being the abbreviation of the word “logarithm.” 

Thus, wc have 

!og 2 8 = 3, 
log 3 9 = 2, 
log 3 9 = 3, 

iog 7 l = o, 

Some other examples are j_ 

Since V§" = 3 or 9 J =3, log g 3 = \ 

Since 16 = 2, logie^ = ± 

Exercises 7.2 

1 Write the following in the form of lognthms: 

(i) 2 5 = 32 ( u) 10 3 = 1000 (tit) T = 81 

(fv) 5 4 = 625 (v) 10“ 1 = 0.1 (W) T = 49 


since 2 3 = 8 
since 3 2 = 9 
since 5 3 = 125 
since 7° = 1 
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2. Express each of the following in exponential form. 

(i) log 5 25 = 2 (//) log 3 243 = 5 (//'/) log 10 1000 = 3 

(iv) log 2 64 = 6 (v) log 4 64 = 3 (w/) log 10 '01 = — 2 

Laws of Logarithms 

In the following discussion, we shall take logarithms to any base a, (a > 0 and a 1). 

First Law: log a (inn) = log a «i + log a « 

Proof: Suppose that log a m = x and !og a n - y 
Then a x = m, a y = n 
Hence nm = a x of = a x + y 

It now follows from the definition of logarithms that 
log a {inn) = x + y = log a m + log a » 

Second Law: log a ( ™) = log a m — log fl n 

Proof: Let log a m = x, log a n = y 
Then a x = m, a y = n 

Hence ^ 

Therefore 

log, ('- ) = x-y = log wi - log n 
“ n 

Third Law: 

log a (m n ) = n log a in 

Proof: As before, if log m = x, then a* = m 

Then m n = (a x ) n = a nx 

giving log g (in a ) = nx = n log a m 

Remarks: In words, the First Law says: The log of the product of two numbers is 
equal to the sum of their logs. Similarly, the Second Law says: the log of the ratio 
of two numbers is the difference of their logs. Thus, the use of these laws converts 
a problem of multiplication ! division into a problem of addition / subtraction, 
which are far easier to perform than multiplication / division. That is why 
logarithms are so useful in all numerical computations. 

Exercises 7.3 

In each of the following, assume that the base a = 10 wherever it has not been 
indicated: 

1. Prove that log (nmp) = log m + log n + log p 

2. Prove that log (a r <? 2 . ,a k ) = log c + loga,... + loga,. 

3. Prove that log 12 = log 3 + log 4. k 
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4 Show that log 360 = 3 log 2 + 21og 3 + log 5 
50 

5. Show that log^y = log2 + 21og5 - log3 - 21og7 

6. Show that 

(i) 3 log 2 + log 5 = log 40 
(n) 5 log 3 — log 9 = log 27 


7.3 Logarithms to Base 10 

Because the number 10 is the base of writing numbers, it is very convenient to use 
logarithms to the base 10. Some examples are. 


log 10 10 = 1 
log 10 100 = 2 
log 1Q 10,000 = 4 
log 10 0.Ql = -2 
0.001 = -3 


since 10 1 = 10 
since 10 2 = 100 
since 10 4 '= 10,000 
since 10 ~ 2 = .01 

since 10 -3 = .001, 
^0 


logic' 

and log 1Q l = 0, , since 10" = 1 

The above results indicate that if n is an integral power of 10, i.e., 1 followed by 
several zcios or 1 preceded by several zeros immediately to the right of the decimal 
point, then log/i can be easily found 

If n is not an integral power of 10, then it is not easy to calculate log n. But 
mathematicians have made tables from which we can read off approximate value of the 
logarithm of any positive number between 1 and 10 And these are sufficient for us to 
calculate the logarithm of any number expressed in decimal form. For this purpose, we 
always express the given decimal as the product of an integral power of 10 and a number 
between 1 and 10. 


Standard Form of Decimal 

We can express any number in decimal form, as the product of ( i ) an integral power of 
10, and (a) a number between 1 and 10. Here are some examples: 

(i) 25.2 lies between 10 and 100 

25 2 = x 10 = 2.52 x 10 1 . 

(u) 1038.4 lies between 1000 and 10000 

1038.4 = ^“iooo X 10 3 = 1.0384 x 10 3 

(im) .005 lies between .001 and .01. 

.-. .005 = (.005 x 1000) x 10 -3 = 5.0 x 10" 3 
(iv) 0.00025 lies between .0001 and .001. 

... 00025 = (.00025 x 10000) x 10 ~ 4 = 2.5 x 10“ 4 
In each case, we divide or multiply the decimal by a power of 10, to bring one 
non-zero digit to the left of the decimal point, and do the reverse operation by the same 
power of 10, indicated separately. 
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Thus, any positive decimal can be written in the form 
n = m X l(fi 

where p is an integer (positive, zero or negative) and 1 < m < 10. This is called the 
‘'standard form ofn.” 

Working Rule 

(1) Move the decimal point to the left, or to the right, as may be necessary, to bring one 
non-zero digit to the left of decimal point. 

(2) (i) If you move p places to the left, multiply by 10 p 
(») if you move p places to the right, multiply by 10~ p 

(m) If you do not move the decimal point at all, multiply by 10° 

(iv) Write the new decimal obtained by the power of 10 (of Step 2) to obtain the 
standard form of the given decimal. 

Exercises 7.4 

1 Write each of the following in standard form - 

(0 3.123, (n) 31.23 (tii) 312.3 

(iv) 3123 (v) 312300 (vi) 0.3123 

(vii) .03123 

2. Write the following numbers in decimal form, without powers of 10 as factors. 

(«) 5.6 X 10 3 (it) 1.436 x 10' 1 

(Hi) 2.4 x 10 -2 (iv) 9.632 X 10 s 

(v) 1.2056 x 10 2 (vi) 12056 x 10~ 2 

7.4 Characteristic and Mantissa 

Consider the standard form of n 

n = m x 10 p , where 1 < m < 10 
Taking logarithms to the base 10 and using the laws of logarithms 
log n = log m + log 10 p 

= log m + p log 10 
= p + log 171 

Here p is an integer and as 1 < m < 10, so 0 < logoi < 1, i e., logm lies between 

0 and 1 When log n has been expressed as p + log m, where p is an integer and 0 < 

logm < 1, we say that/? is the “characteristic” of log n and that logm is the “mantissa’ 7 
of logn Note that characteristic is always an integer —positive, negative or zero, and 
mantissa is never negative and is always less than 1 If we can find the characteristic 
and the mantissa of log n, we have to just add them to get log n. 

Thus, to find log n, all we have to do is as follows. 

1. Put n in the standard form, say 
n = m x 10 p , 1 < m < 10 
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2. Read off the characteristic p of log n from this expression (exponent of 10). 
3 Look up log m from tables, which is being explained below 
4. Write log n = p + login 

If the characteristic p of a number n is say, 2 and the mantissa is ,4133, then we have 
logn = 2 + ,4133 which we can write as 2 4133 If, however, the characteristic p of a 
number in is say -2 and the mantissa is .4123, then we have logm = -2 + .4123 We 
cannot write this as -2.4123. (Why 9 ) In order to avoid this confusion we write 2 for 
-2 and thus we write logm = 2 4123. 

Now let us explain how to use the table of logarithms to find mantissas. A table is 
appended at the end of this book. 

Observe that in the table, every row starts with a two digit number, 10, 11, 12, .. . 
97, 98, 99 Every column is headed by a one-digit number, 0,1, 2,... 9 On the right, 
we have the section called “Mean differences” which, has 9 columns headed by 
1,2 .9 



0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

12 3 4 

5 

6 

7 

8 

9 

61 

7853 

7860 

7868 

7875 

7862 

7889 

7896 

7803 

7B10 

7817 

112 3 

4 

4 

5 

6 

6 

62 

7924 

7931 

7935 

1 7945 | 

7954 

7959 

7966 

7973 

7980 

7987 

1 1 2 0 

3 

4 

5 

6 

6 

63 

7993 

8000 

8007 

8014 

6021 

8028 

8035 

8041 

8048 

8055 

112 3 

3 

4 

5 

6 

6 


Now suppose we wish to find log (6.234) Then look into the row starting with 62 In 
this row, look at the number in the column headed by 3. The number is 7945. This means 
that 

log (6.230) = 0.7945* 


But we want log (6.234). So our answer will be a little more than 0 7945. How much 
more? We look this up in the section on Mean differences. Since our fourth digit is 4, 
look under the column headed by 4 in the Mean difference section (in the row 62). We 
see the number 3 there. So add 3 to 7945. We get 7948 So we finally have 
log (6.234) = 0.7948 

Take another example. To find log (8.127), we look in the row 81 under column 2, 
and we find 9096 We continue in the same row and see that the mean difference under 
7 is 4 Adding this to 9096, and we get 9100. So, log (8 127) = 0 9100 


•It should, however, be noted that the values given in the table are not exact They are on| y a PP r01cin ^ 
values, although we use the sign of equality which may give the impression that they are exact T 
same convention will be followed in respect of antilogarithm of a number 
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Exercises 7.5 

1, Use logarithm tables to find the logarithms of the following numbers 
(i) 1270 0 0 12.70 (in) 431 5 

(iv) 1123 (v) 0.1257 (w) 0.0012 

(vu) 0 00001379 

7.5 Finding N when log N is Given 

We have so far discussed the pioccdure for finding log /t when a positive nuinbei n is 
given. We now turn to its converse i e , to find n when log n is given ami give a method 
for this purpose If log n = t, we sometimes say n = antilog t Theiefore our task is 
given f, find its antilog. For this, we use the ready-made antilog tables (One is included 
at the end of this book). 

Suppose log n = 2 5372 

To find n, first take just the mantissa of log n . In this case iL is .5372 (Make sure that 
it is positive) Now take up antilog of this number in the antilog table which is to be 
used exactly like the log table. In the antilog table, the entry under column 7 in the row 
53 is 3443 and the mean difference for the last digit 2 in that row is 2, so the table gives 
3445 Hence, 

antilog ( 5372) = 3 445 

Now since log n = 2.5372, the characteristic of log n is 2. So the standard form of n 
is given by 

n = 3 445 x 10 2 
or n - 344.5 

Let us calculate some more antilogs. 

Example 1: If log x = 10712, find a: 

Solution We find that the number corresponding to 0712 is 1179. Since 
characteristic of log a: is 1, we have 
a: = 1 179 X 10 1 
= 11 79 

Example 2: If log a: = 2 1352, find a: 

Solution From antilog tables, we_find that the number corresponding to 1352 is 
1366 Since the characteristic is 2, i.e., —2, so 
x = 1.366 x 10“ 2 = 0.01366 


Exercises 7.6 

1 Using tables, find the logarithm of each of the following numbers - 
0) 4 8 (ii) 7 (in) 3 17 

O) 3.172 (v) .235 (VI ) 2354 
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2 Find log.- x, if x equals 


0) 

.0768 

(«) 

.0025 

(»0 

.0087 

(IV) 

00954 

(v) 

0056 

(vi) 

0287 

Find the antilogarithm of each of 

the following 



(0 

0.752 

(it) 

.301 

(»'0 

.5428 

(tv) 

2.752 

(v) 

1.301 

(vi) 

2.5428 


4 Each of the following numbers is the logarithm of some number. Express each in 
the form p + log in, where p is the characteristic and log m the mantissa, and find 
the number. 

(/) 12086 (it) -12084 (ut) -2 4325 

O) -3.6432 (v) 2 5674 (vi) -0 62 


7.6 


Use of Logarithms in Numerical Calculations 
Example 7.5: Find 6.3 x 1 9. 

Solution: Let* = 6 3 x 19 

Then log* = log (6 3 x 1.9) = log 6.3 + log 1.9 
Now, 


log 6 3 = 0.7993 

+ log 1.9 = 0 1106 

.- log* = 0.9099, 
Taking antilog 

x = 8 127 

(1.23) 15 


Example 7.6: Find 


Solution: Let* = 
Then iogx = log 


11 2 x ?3.6 
_ (1-23)1 


11.2 x 23.6 
(1 23)! 

11 2 x 23.6 


= | log 1.23 - log (11.2 x 23.6) 

= | log 1.23 - log 11.2 -log 23 6 


Now, 

log 1.23 = 0.0899 

|- log 1.23 = 0.13485 

log 11.2 = 1 0492 
log 23.6 = 1 3711 

log x = 0 13485 - 1.0492 - 1.3711 
= 3.71455 
. x = 0 005183 
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Example 7.7: Find 


Solution: Let x 


(71 24)* x V56 

72~3) 7 ~x~ \M 

'(71 24) 5 ~x x /56 


Then log* 


= ^lp|[ 


(2 3)' x V3T 
(71.24) 5 x v'56 


(2.3)' 


\4l 


) 


= \ [ log (71 24) 5 + log v/56 - log (2 3) 7 - log y^T ] 
= | log 71.24 + L log 56 - - 2 log 2.3 - I log 21 


Now, using log tables 
log 7124 = 1.8527 
log 56 = 1.7482 
log 2 3 = 0.3167 
log 21 = 13222 


■. log* = | (1.8527) + l j (1.7482) - 2 (0 3617) - L (2 3222) 
= 3 4723 
* = 2967 


Example 7.8: Find the approximate area of a cireulai plot of land, whose ladius 
is 75 m (Take log tt = 0x1972.) 

Solution: If A be the area in sq metres, then we know 
A =Trr 2 = ir(75) 2 

log A = log -tt (75) 2 — log tt 4* 2 log 75 
Now, log 75 = 1.8751 
logTr = 0 4972 

A log A = 0 4972 + 2(18751) 

= 4.2474 
.. A = 17680 
Hence, area required = 17680 in 2 


1. 

2. 


Exercises 7.7 

(Use logarithmic tables.) 

Find the value of 

(i) 6.45 x 981.4 (i7) 0.0064 x 1.507 

Evaluate: 

2.632 


(0 


•0045 


(u) 054 -216.3 
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3. 

4 

5. 

6 . 


7 


8 


9. 


Find the value of 

(0 ( 724) 3 („) V4236 

Find the cube root of 48, coriect to two decimal places 

Write down the logarithm of 2^ and use it to state the number of digits in the 
numeral for 2 64 


Using logarithmic tables, evaluate: 

( ‘> “Si- 

(. 1 .) “ x (3.2) 2 

Find the values of the following 
(a) v /r 0.0847 

(c) </ .6789 

Using logarithms, Simplify 
(a) 57.12 x 2.034 

(c) 352.6 x 0 078 0 5943 

(e) 328 4 x 12.65 

fe) 0.0953 3 794 

Find the values of the following: 

, N (25.36) 2 x 0.4569 
(a) -Ws- 


00 1045 

(iv) i x 3.142 x (1.5)3 

(b) (0 09634) 3 
(. d) i/ 42 7 


(b) 0.8623 x 0 000451 
(d) 2456 X 0 000071 
(/) 0.3865 -0 000572 
( h ) 25 — 0 0683 


(b) 


J 


41.32 x 20 18 


12.69 


10 Evaluate, correct to three decimal places - 
563 4 x </0 4573 


00 


(c) 


4 


(6-15) J 


(b) 


31 42 x 7.192 


(0.236)' 




(73 56) 3 x (0 0371) 2 
68.21 
(45 4) 2 ~ 

(3 if -x (5.6) T 


7.7 Applications 

Compound Interest: 

When the interest is added to the principal at regular specified intervals of time, so 
that the amount at the end of an interval becomes the principal for the next interval, 
then total interest over all the intervals, calculated in this way is called “compound 
interest”. 

In any problem, it is more convenient to find the total amount and obtain the 
compound interest by subtracting the principal from it. 

Now, iff 3 is the principal, n the number of intervals, r is the rate of interest percent 
per interval, andx4 the total amount at the end of the intervals, then you may recall that 


A =■ P(1 + —) n 
v 100 


xuu 

Givep any three of the variables P,r, n andx4, you can easily determine the fourth. 
Ofcourse, to avoid lengthy calculations, the logarithms are available to us now 
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Example: 7.9: If Rs 273 are invested at 12 % interest, compounded every year, for 
5 years, what is the amount realised at the end of 5 years? 

Solution: We know the compound interest formula 


A = P( 1 + —) n , 

V 100 

where; P is the principal sum, r the rate percent ol interest, n the number of years, 


and/I the total amount at the end. 

Here, P = Rs 273, r = 12, n = 5 and A is to be determined, 
If A = Rs x, then 
a: = 273 (1 + 12) 5 
or x = 273 (1.12) S 

logx = log 273 + 5 log 112 
We have 

log 273 = 2 4362 

5 log 1 12 = 2460 
logx = 2.6822 
Hence, x = 481.0 
■. Required Amount = Rs 481.00 (approx) 


Example 7.10 A Colour TV, can be purchased outright for Rs 12500 or in the 
instalment plan by paying Rs 4500, followed by 11 monthly instalments each of 
Rs 850. What is the difference between the cash price and the instalment price? 
What rate of interest does the buyer pay 7 

Solution: It is clear that if you buy on instalment basis you pay in all Rs 4500 4- 
Rs (11 x 850) = Rs (4500 + 9350) = Rs 13850 So the difference between the 
cash price (Rs 12500) and the instalment price (Rs 13850) is Rs 1350, which is 
the interest paid by the buyer This can be thought of as the total interest charged 
on 11 loans, each of Rs 850, for varying periods of lime 
The 1st loan of Rs 850 for 1 month; 

The 2nd loan of Rs 850 for 2 months and so on; 

Thus, the lllh loan of Rs 850 for 11 months 
This is equivalent to one loan of Rs 850 for (1 + 2 + 3 + 4 + . . . + 11) = 66 
months If the rate of interest isr%, then the total interest on Rs 850 for 66 months 


or 


66 

12 


years is 


= 850 x 


100 


1350 =£ 


850 x 66 x r 


1200 

orr = 1350 x 1200 
850 x 66 


66 

12 


.. logr = log 1350 + log 1200 - log 850 - log 66 
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We have 


log 1350 

= 3 1303 

log 1200 

= 3.0792 

log 85 

= 2 9294 

log 66 

= 1.8195 

log* 

= 1.4606 

and* 

= 28 90 


■ Rate of interest paid by the buyer 
= 29% (approx) 

Remarks: The rate of interest calculated here is on the understanding that simple 
interest was charged 


Population Growth 

When an entity increases in magnitude over a period of time, we say that it has grown 
during that period. The growth is measured as a ratio of the increase in magnitude of 
the entity to its initial magnitude. In other words, growth is relative increase in 
magnitude 

Often, we observe the magnitude of a growing entity at regular intervals. If Po is the 
magnitude in the beginning of a unit of time and Pi the magnitude at the end of the 
unit of time, then the ratio 
Pi - Po 
Po 

is the growth in one unit of time. We may call it the “rate of growth.” Thus, 
rate of growth = growth per unit time. 

As usual we shall express rate of growth as a percentage Thus, if 


Pi - Po 


= - or P, = Po (1 + -— ) 

100 1 


Po 100 1 ~ \ 100 

then we say the rate of growth is r % per unit of time 

Let us suppose Pq is the population at the beginning of a certain year and r% is the 
constant rate of growth per year. Then population after one year is 


Pi =p n (l + —) 
0 100 


After two years, we have 
P 

P, = P n (1 H-— ) 3 and so on. 

3 0 100 

For a positive integer n, population after n years will be 


- p (1 + J_) = p (l + -!—) 2 
2 lK 100 0 100 
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This is just like the formula for compound amount, all calculations are done the same 
way 

Example 7.11: In the 1981 census, the population of India was found to be 6 7 x 
10 7 If the population increases at the rate of 2.5 % every year, what would be the 
population in 1991? 

Solution: This is a case of compound growth at the rate of 2 5%. So the formula 


x = P( 1 4- —)" 

100 

is applicable. 

Here P = 6 7 X 10 7 ,; = 2 5, n = 10, and x is population at the end of 10 years. 


. jc = 6 7 x 10 7 X (1 + H ) 10 

= 6.7 x 10 7 x (1.025)™ 

Taking logs, on either side 

log x = log[{6.7 x 10 7 ) x (1 025) 10 J 


= log (6 7 x 10 7 ) + 10 log 1 025 


We have, 

log(6.7 x 10 7 f~ 7.8261 
10 log 1.025 = 01070 
. logx = 7.9331 
Hence, x = 8 572 x 10 7 

• Required population = 8.572 x 10 7 


Example 7.12 

In 1980, the population of the state of Andhra Pradesh and of France was roughly 
the same (about 5.4 x 10 7 ). If the population of Andhra Pradesh grows at the 
rate of 2.4% per year and that of France grows at the rate of 1.8% per year, show 
that in the year 2100, the population of Andhra Pradesh will be roughly twice that 
of France 

Solution: Population of Andhra Pradesh in 2100 (i.e,, 120 years after 1980) will 
be 


P . = P(1 + Al ) 120 
A 100 

and that of France in 2100 will be 

p p =p{ i + lA) 120 
F 100 

where P is the present population of the two countries. 
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NOW log (1 + |± ) 120 
And log (1+ ) 120 



Pa 

Pf 


= 120 log (1.024) 

= 120 x 0.0103 
= 1.236 

= 120 log (1.018) 

= 120 X 0.0078 
= 0 936 

= log (Pa) - log (Pf) 

= 1 236 - 0 936 
= 0.300 

= antilog 0 300 

= 1995 


= '' approx. 

In the year 2100, population of Andhra Pradesh will be roughly twice that of 
France 


Depreciation ot Value 

The value of a machine or of any other article subject to wear and tear decreases with 
time Relative decrease in the value of a machine is called its “depreciation.” In other 
words, depreciation (or decay) is negative growth. 

Rate of depreciation is depreciation per unit time 

Thus, if V is the value as a certain time, and r% is the rate of depreciation per year, 
the value Vi at the end ot t .years is 



Example 7.13: A machine purchased for Rs 10,000 depreciates at the rate of 6% 
per annum, the depreciation being worked out on the value of the machine at the 
beginning of the year. Use log tables to obtain its depreciated value after 7 years 
(Given log 6 = .77815, log 9 4 = 97313, log 64 85 = 1.81192 ) 

Solution: Since the rate of depreciation is 6%, if the value of the machine is 

Re 1 at the beginning of the year, its depreciated value is Rs (1—) at the end 
of the year 

depreciated value of Re 1 at the end of 7 years = Rs (1 - —y- ) 7 

The purchase price of the machine = Rs 10,000 
Suppose depreciated value at the end of 7 years is Rs x Then 
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* = 10,000 x (1 - 06) 7 

log x = log 10,000 + 7 log (.94) 
= 4 + 7 x (f 9731) 

= 4 + 18117 
= 3.8117 

.. * = 6482 

Hence, depreciated value requiied 

= Rs 6482 (appiox ) 


Mensuration 

You may recall the following formulae for the areas of some plane figures 
(i) Area of Rectangle (sides: a cm, b cm); 

A = ab cm 2 

( it ) Area of a Parallelogram (base a cm, height h cm) 

A = ah cm 2 

(i/i) Area of a Triangle ( base: a cm, height . h cm) 

A = ~ all cm 2 

(fV) Area of a Tr iangle [sides a, b, c, 2r = a + b + c] 

A = \/s ( s-a ) (s-b) (s-c) cm 2 

(Hero’s Formula) 

(v) Area of a Rhombus (diagonals. d\ cm, di cm) 

A = ^(di x d 2 )cm 2 

(vi) Area of a Trapezium (parallel sides a cm, b cm, 
height h cm) 


A = 4 h {a + b) cm 2 


Example 7.14: The lengths of the 
parallel sides of a trapezium are 56 
cm and 40 cm, and the lengths of the 
other sides are 28 cm and 30 cm 
Find the area of the trapezium 
Solution: Let ABCD be the 
trapezium, such that AB 11 CD, and 
AB = 56 cm, CD = 40 cm 
AD = 30 cm, BC - 28 cm 
Let CE HAD, meet AB in E, so that 
AECD is a parallelogram As such 
CE - 30 cm 
Now, in A EBC, 



■*—16 cm—► 

<--56 cm- 1 

Fig 7.1 
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perimeter 2s = (30 + 28+ i6)cm 


= 74 cm__ 

Area of A EBC = y/s {s-a) ( s-b ) ( s-c ) cm 2 

= n /37 (37 - 16) (37- 28) {31 ^W) cm 2 
= v/37 x 21 x 9 x 7 cm 2 

Let this aiea be.t cm", then 

x = \/37 x 21 x 9 x 7 
1 

log a: =— (log 37 + log 21 + log 9 + log 7) 

= | (1,5682 4- 1.3222 + 0 9542 + 0.8451) 

= \ (4 6897) 

= 2.3449 
,v x = 221 2 

Hence, area of A EBC = 221 2 cm 2 

Suppose,;? cm is the altitude CF from Ci 
then 


P 


= 2 x 


221.2 

16 


= 27.65 
CF = 27 65 cm 

Now the area of the trapezium ABCD 


then 


Hence, area of trapezium 


x 

log x 


= i x (height) x (sum of sides) 
= 1 X 27 65 X (56 + 40) cm 2 


= 48 x 27.65 cm 2 
= x cm (say) 

= 48 x 27 65 
= log 48 + log 27 65 


= 1 6812 + 1.4417 
= 3.1229 


and x = 1327 

= 1327 cm 2 
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Exercises 7.8 

1. A savings bank Account pays 5% imei ost (pei year) and ii is compounded every si? 
months Whe^a boy is 13 years old, Rs 100 is deposited to his credit in a savings 
bank account. How much is due to him when he is 21 years old 9 

2. In how many years will an account double itself at 5% interest compounded 
annually? 

3. A nationalised bank issues “Re-investment Certificates” foi a period of 3 years. If 
Rs 5000 is invested in these certificates, their maturity value is Rs 6725. Assuming 
that the interest is compounded ever year, what is the rate of interest 9 

4. The cash price of a new car is Rs 90,000. The insurance company calculates its 
price at any subsequent time according to the rule that the price depreciates at the 
rate of 5% a year during the first two years and at the rate of 10% a year thereafter. 
What will be the price of the car after (a) 2 years, (b) 5 years, (c) 10 years? 

When will the price be half the original price? 

5. The cash price of a refrigerator is Rs 5500 It can also be purchased for Rs 2000 
followed by 11 equal monthly instalments of Rs 400 each What is the rate of 
interest charged under the instalment plan? 

6 The population of Pakistan is 8 25 x 10 7 , and that of ihe Stale of Uttar Pradesh in 
India is 1.11 x 10 a . If the annual rate of growth in Pakistan and U.P. are 2 7% and 
2 6% respectively, when will Pakistan’s population catch up with that of U.P.? 

7 The area of a i octangular field is 2.5 hectares and its sides m c in the ratio 3:2. Find 
the perimeter of the held. 

8. The sides of a triangular plate are 8 cm, 19 cm and 15 cm. If its weight be 96 gram, 
what is the weight of the plate per square cm? 

9. Each side of an equilateral triangle is 32.4 cm. Find its area. 

10 The lengths of adjacent sides of a parallelogram are 51 cm and 37 m. The length 
of one of the diagonals is 20 m. Find its smaller altitude. 
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0645 0682 


1847 1875 


1903 1931 


2175 2201 


2765 2 


2856 2878 


2900 2923 


20 30 1 0 

21 3222 

22 3424 

23 36 1 7 

24 3802 

2 ! 3979 

26 4150 

27 4314 

28 4472 

29 4 624 

30 4771 

31 4914 

32 5051 

33 5185 

34 5315 

35 5441 

36 5563 

37 5682 

38 5798 

39 5911 

40 6021 

41 6128 

42 6232 

43 6335 

44 6435 

45 6532 

46 6628 

47 6721 

48 6812 

49 6902 


JU /j 
3284 

3483 I 3502 I 3522 
3674 
3856 

4031 
4200 

4362 | 4378 | 4393 
4518 
4669 


6561 
5656 
6749 
6839 

6928 I 6937 1 6946 


14 18 21 25 28 32 
14 17 2 0 24 27 31 


13 16 19 23 26 29 
13 16 19 22 25 29 

12 15 19 22 25 28 
12 14 17 20 23 26 


8 11 13 

15 17 19 

8 10 12 

14 16 18 

8 10 12 

14 15 17 

7 9 11 

13 15 17 

7 9 11 

12 14 16 

7 9 10 

12 14 15 

7 8 10 

11 13 15 

6 8 9 

II 13 14 

6 > 9 

11 12 14 

6 7 9 

10 12 13 

6 7 9 

10 11 13 

6 7 8 

10 11 12 

5 7 8 

9 11 12 

5 6 8 

9 10 12 

5 6 8 

9 10 11 

5 6 7 

9 10 11 

5 6 1 

8 10 11 

5 6 7 

8 9 10 

5 6 7 

S 9 10 

4 5 7 

8 9 10 

4 5 6 

8 9 10 

4 5 6 

7 8 9 

4 5 6 

7 8 9 

4 5 6 

7 8 9 

4 5 6 

7 8 9 

4 5 6 

7 8 9 

4 5 6 

7 7 8 

4 5 5 

6 7 8 

4 4 5 

6 7 8 

4 4 5 

6 7 8 
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Answers 


1. (i) 

2. (i) 
(ii) 

“(Hi) 

(iv) 

(v) 

(vi) 

3. (i) 

(ii) 

(iii) 

(iv) 
(V) 

(vi) 

(vii) 

4. (i) 

5. (i) 


Exercises 1.1 

s (ii) <£ (iii) * ^ e 

A = {-3, -2,-1,0,1,2,3, 4, 5,6} * 

B = {1,2,3,4,51 
C = {17,26,35,44, 53,62,71} 

D = {1,3,5} 

E = {M, A, T, H, E, I, C,S} 

F “ {S, E, T} 

{* : x is a multiple of 3 and x 5 12} 

{x • x = 2 n , n e N and n < 5} 

{x . x = 5 n ,'i e A/and/i ^ 4} 

{jc x is a vowel in the English alphabet} 

{.x x is an odd natural number} 

{* : x is an even natural number} 

{x : x is a square of natural number, x < ) 

1(C), (ii) - (a), (ill) * (■)). <">* (b > 

Yes (ii) No (iii) Yes (iv) No 


(v) £ 


(vi) 4 


Exercises 1.2 


1. Yes, No. f •) r (vii) C 

2. (i)C (m (me (iv) gt WJ- ll*' (v) False (vi) True 

3. (i) False (ii) True (iii) True (jv) Fa i se (vi) True 

. (i) False (ii) False (iii) True 0 ) (x n False (x») False 

(vii) False (viii) False (ix) True W False ( xv iii) Tiue 

(rill) False (xiv) False (xv) True xn) True (x 

5. (i) 0,M (il) 0, 2 3) 

(iii) 0, {1},{2}, (3},X 1, 2>.i2,3},U. 3}. U, A ^ 

(iv) 0 
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Exercises 1.3 


1 . 

(i) 

All B = 

{ a , e, i, o, u, £>} 



(ii) 

XU Y = 

{1,2,3, 5} 



(iii) 

AU B = 

{x . x = 1 , 2,4, 5 or 

a multiple of 3} 


(iv) 

AU B = 

{x ; 1 < X < 10, X e 

N} 


(v) 

AU B = 

{1,2,3} 


2. 


Yes, A l 

) B = {a, b, c} 

3. B 

5. 

(i) 

AH B = 

{a} 

(ii) JYnY 


(iii) 

ah b = 

; {3} 


6 

(iii) 

7. Yes 

8. 0 



Exercises E.4 

1. (i) A' ={1,3,5, 7,9} (H) B 1 = {2,4, 6, 8} 

(Hi) C' = {1,4,6,8,9} (iv) U> 

2. A is the set of all natural numbers which are not composite. 

3. (AUC)' =A'nC' =.{1,9} 

(A n C)' -A' UC' = {U, 4, 5, 6, 7, 8, 9} 

4. (i) True (ii) True (iii) False (iv) False (v) True (vi) True 

5. A' is the set of all equilateral triangles. 


Exercises 1.6 

1. 2 2. 8 3. 22 4. 30 6. 19 7. 25,35 


Exercises 2.1 

2 3 ' 5 11 > » 13 7 5_ 29 

' 8 ’12 ’ 24 48’ 24’ 16’ 96 

4. 0.01, 0 02, 0.03, 0.04, 0.05,. . . 

5 zll ^24 -25 
■ 100 ’ 100 ’ 100 

6. (i), (ii), (iv) and (v) 

7. ' ,142857, .285714,128571, 571428, 

714285, .857142 


(v) 0 


8. 60 
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Exercises 2.2 


2. 

(i) 2 

(ii) 6 

(iii) 14 


3. 

(i) = 

(ii) > 

(iii) > 

(iv) > 

4. 

1 a \ 2 + 1 

b | 2 - 21 a 

| | b |, when 

i a 1 = 1 b 

6. 

2 24, 2 64 


9. .221, 

. 222 


10. (i) Irrational (ii) Rational (iii) Irrational (iv) Irrational 

11 . 2.101001000100001 .... 2 201001000100001 . . 

12 . .1010010001 . ., 1101001000100001 .. 

13 y/21, 


Exercises 2.3 


1. 

0) 

R 

(ii) 

{*. 

x > 3, jc e R} 



(iii) 

R 

(iv) 

{*• 

3< x <10,* e 

R} 


(v) 

{x : 0 < x< 8, x e R} 





2. 

(i) 

/(1) = 7, f(2) = 10-, /(- 

1) = 1 


= V3, /(2) 

= vs 


(ii) 

Not defined 

(iii) 

/(I) 



/( —1) = \/3 (iv) Not defined (v) 

/(l) 

= 1 + vT 




/(2) = V5 + V6 





4. 

(i) 

False (ii) 

True 


(iii) 

False 


(iv) 

False (v) 

False 


(vi) 

False 

5 

■ (i) 

First (ii) 

Third 


(iii) 

Fourth 


(iv) 

Third (v) 

Second 





1. \/l50 
4. v5oo 


32 

T28~ 


Exercises 3.1 

3. vjAoJ 


6 . 


7. 4\/5 


2-VT 9 - 

2y/9 

10 15\/6 11. 2V10 12. 15VT 




Exercises 3.2 

(i) 

VT 

(ii) 

yiO" (iii) y/T (iv) 

(v) 


(vi) 

VT 

(i) 

V3" • yfi 

(ii) y[^,y[2,y[2 

(iii) 


(iv) V2”, V3.-V? 
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Exercises 3.3 


1. 25 V2" 2. 3. 8 y/T 4. 5y/2 

5. VT 6. -5VT- 20V3" 7. 11 yj 


8. 

3 V^T 

9. 

TT VS 

10. 0 






Exercises 3.4 


1. 

7 V^ 

2. 

V^05 3. 2 a/IT 4. 168V5" 

5. 

yW 

6. 

•^432 

7. | 8. -\/y" 9 

■ 2 10. 2 





Exercises 3.5 


1 . 

(i) 

v^T 

(ii) 

\/To (iii) \/? 

(iv) y/25 


(v) 

V? 

(vi) 



2. 

(i) 

2a/? 

5 

(ii) 

2+3- (ill) 2a 

(iv) 


(v) ' 

2\^77~ 

11 

(vi) 

VTI 


3. 

(i) 

.707 

(ii) 

577 (iii) .316 

(iv) 1.080 


(v) 

.155 

(vi) 

.655 






Exercises 3.6 


1 . 

(i) 

a = 2 

,b = -1 

(ii) a = 

11 , 6 

T b = 7 


(iii) 

a = 11, b = -6 

(iv) a = 

9 b = 1 - 9 
ir n 


(v) 

a = 4, b = 1 

(vi) a = 

2 -i 


2. (i) 


31 +10 sfe 

19 _ 

18 - 3yT5~ + 2 yTo~- a ^/6 


, 114 - 41VS" 

(V,) -30 


(ii) 6 - V35 (iii) 47 + 21VT 

9 + 4V30 
1 ; 21 


(v) 
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3. 

4. 

1. 

2 . 

4. 

5. 

7. 

10 . 

1. 

2 . 

3. 


1 . 

2 

3 . 


(n 1 - V 2 + \/5~ + y 10 

12 

(iii) -gQ(6VT + 5V& + \/330) 

(i) 0 (ii) 1 5. (i) -.213 


<**) ~ \ (2 + VT+ V6) 

(* v ) -§4 (7V6 - + 6 a /7 4 V546) 
(ii) 14.268 


Exercises 3.7 

(a) (b) /T0“, 

(a) 0 (b) 20 3. 1.732 

(i) ^ (ii) I 

g- 0 (6\/5 + 5y/6- v^30) 6. 0 

-1.466 8. 8 9. a = _$!. b = ~~ 

29 ,d 29 


Exercises 4.1 


(i), (ii) and (vi) 

(i) x 7 — 2r 6 — 3cc 5 + j* 2 + \/2x + 4 

(ii) x 5 4- 2c 4 4- x 2 — V 2 * 

(iii) u 3 + u 2 — u — -\fl 

(iv) — 2y 4 — y 3 + y 2 4- 3>- 4- 4 
Monomials : (i), (vi) and (vii) 

Binomials : (ii) and (v) 

Tiinomials : (iii) and (iv) 

Exercises 4.2 

(i) 1 (ii) 0 (iii) 0 (iv) 0 

(v) 2 (vi) 4 (vii) 4 (viii) 2 

(a) 2* 3 - 8x 2 4- 3x 4- 3 3 (b) 4, 0 

(c) y 6 — 2y 4 4- y 3 4- 2y -6, 6 

(d) t 3 4 2f 2 4- 4f - 3, 3 (e) u + 13,1 

(a) jc 3 -4x 2 4x4 2,3 

(b) u 1 - 4u 6 4 4u 2 4 u 4 6, 7 

(c) -3y 2 ->-4-1,2 (d) 8f 4- 4,1 
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4. 2u 4 - 4 m 3 - 3w 2 + 11 u +4 

5. -x 4 + 2a 2 + 2 6. x 3 - 2x 2 + 4x 

7. (i) x 2 + x - 6, 2 (ii) x 3 - 6x 2 + 12x ~ 8, 3 

(iii) x 4 + fa 3 + 12x 2 + 19x + 2,4 

8. u 5 + 2« 4 - 2w 3 - 3 u 2 + 12u + 4 

Exercises 4.3 

1 | x + |, 1, No 2. / - 2y + 2, 4,No 

3. u 2 + 5u - 2, 0, Yes 4. x 2 - 12x + 13, -34, No 

5 / - 1, 3/ + 11, No 6. t - 1, 0, Yes 

7. x 3 - 4a 2 + 19a - 65, 227x + 133, No 

8. u 2 + u + 1 , u + 1 , No 

9. 2r + 2a — 3, 2a 2 - 3a + 5, No 


Exercises 4.4 


1 . 

(i) -1 

(ii) 20 

(iii) -13 (iv) 

212 

(v) -52 

2. 

1 3. 

(i) 0 (ii) 

0 (iii) 60 



4. 

® § 

(ii) l 

(iii) | 



5. 


(ii) 0 

6. (i) -1 

(ii) 

1 

3 


Exercises 5.1 


1. (i) 

(2a + 3) (2x + 3) 

(ii) 

(3a - 4) (3a - 4) 


(iii) 

(I2y + 1) (12y + 1) 

(iv) 

(6a + 5) (6a + 5) 


(v) 

(10 + 3z) (10 - 3z) 

(vi) 

(7 + 8 k) (7 - 8 k) 


(vii) 

(a 4- 5b) (a - 5b) 

(viii) 

(2a - 2b + c) (2a + 2b - 

- <0 

(ix) 

2(3ax + 4) (3ax — 4) 

(x) 

3xy (a + 9y) (a - 9y) 


2. (i) 

(a + y - 3) (a - >> + 3) 

(ii) 

(5a + 6z — 1) (5a - 6z — 

1) 

(iii) 

x(x + 1) (a - 1) 

(iv) 

(1 + a + b) (1 — a — b) 


(v) 

(a + 5y) (a + 5y) 

(vi) 

(a + b) (a + b + 2c) 
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Exercises 5.2 


1. (i) (x + 9) (x + 5) 

(iii) (x — 14) (.x + 3) 
(v) (u - 18) (u - 12) 
(v 11 ) (.t + 6) (x + 8) 

(sx) (x + 9) (x — 4) 


1 (i) (x - 2) (3* + 4) 

(iii) (u — 2) (3 u — 4) 

(v) (2y - 1) (y + 3) " 

(vii) (2x + 3) (lx - 1) 

(ix) (& - 3) (3x - 7) 

(xi) (y + 3\/3)(y/3y + 2) 

(xiii) (4x - \/3)(\/3x + 2) 
(xv) (px - 3 q) (pc + 4 p) 


(is) (x - 12) (x - 10) 
(iv) (x - 12) (jc - 9) 
(vi) (y + 3) (y — 1) 

(viii) O' - 7 ) O' + 3 ) 

(x) (x - 11) (x - 12) 

Exercises 5.3 

(ii) (3* + 2) (2x - 3) 

(iv) (2 u + 3) (3u + 4) 

(vi) (4x - 3) (3x - 4) 

(viii) (5x — 3) (6x + 5) 

(x) (x + 1) (5x — 21) 

(xii) ~ (x - 4) (x - 2) 

(xiv) (7x + 1) (2x + 1) 


Exercises 6.1 

1. (i), (ii) , (iv) , (vi) and (viii) 

Exercises 6.2 


1 . 0) 

Yes 

(ii) 

No 

(Hi) 

Yes 

(iv) 

No 

0) 

Yes 

(vi) 

No 

(vii) 

No 



2. (i) 

4 

(ii) 

6 

(iii) 

3 

(iv) 

2(1 + vS) 

(v) 

7 

20 

(vi) 


9 

4 

(viii) 

2(1 + vS) 


Exercises ff.3 

1. 21 2. 30 3, 42,6 

4. 12,36 5. Rs 90000, Rs 45000, Rs 30000 

6. 12.5 cm, 7.5 cm 7. 5 cm, 1 cm 

8. 90°, 40°, 50° 9. 30,20 
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10. 63 11. 40 years, 10 yeais 12. 30m, 10m 


13. 

120,100, 135 

14. 60 

IS. 

3 km/hour 

16. 

731,89 17. 

168, 132 

18. 

54, 81, 108 

19. 

Rs 60000 20. 

Rs 240 

21. 

24 days 


22. 80 km 23. 3.75 km 24. 1075 

25. 400g, 300g 26. Rs 22000, Rs 13000 27. 48 

28. 18 km 29. 320 km/hour, 360 km/hour 30. 128 ml 


Exercises 7.1 


1. (i) 

T 

2 

2 

(ii) 

10* 

100 

(iii) 

4 4 3 

(v) 

VT 

2 

(vi) 

1 

2 2 ' 

2 iff 



2. (i) 

i 

X 

_L 

c 

00 

i 

4 

3 

x y 

(Hi) 

1 

li- 
X l 

(v) 

b 

Y_ 

z. 

(vi) 

] 

JC 6 




i 

X 






(iv) ~(10) 



Exercises 7.2 


l. (i) 

log 2 32 = 5 

(ii) Iog 10 1000 = 

(iii) 

log 3 81 = 4 

(iv) log 5 625 = 4 

(v) 

= -1 

(vi) log 7 49 = 2 

2. (i) 

5 2 = 25 (ii) 3 5 = 243 

o 

o 

o 

T—4 

H 

O 

(iv) 

2 6 =64 (v) 4 3 =64 

(vi) 10" 2 = .01 


Exercises 7.4 


1. 

(i) 

3.123 x 10° 

(ii) 

3 123 x10 1 

Ij (iii) 

3.123 X 10 2 


(iv) 

3.123 xlO 3 

(v) 

3.123 x 10 5 

(vi) 

3.123 X 10~ 


(vii) 

3.123 x 10 -2 





2. 

(i) 

5600 

(ii) 

.1436 

(iii) 

.024 


(iv) 

963200 

(v) 

120.56 

(vi) 

012056 
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Exercises 7.5 


(i) 

3 1038 

(ii) 

1.1038 

(iii) 

2.6350 

(iv) 1.0504 

(v) 

1.0993 

(vi) 

l - 0792 

(vii) 

3 1396 



Exercises 7.6 


1 . 

(i) 

6812 (ii) 

.8451 

(iii) .5011 


(iv) 5014 


(v) 

1.3711 (vi) 

3.3718 




2. 

(i) 

2.8854 (ii) 

3 3979 

(iii) 3.9395 


(iv) 3.9795 


(v) 

3.7482 (vi) 

3.4579 




3. 

(i) 

5 649 (ii) 

2 000 

(iii) 3 489 


(iv) 564.9 


(v) 

.2000 (vi) 

.03489 




4. 

(i) 

1 + .2086, 16.16 


(ii) -2 

4- 

.7916, .06189 


(iii) 

-3 4- .5675, .003694 

(iv) -4 

4- 

.3568,.0002274 


(v) 

2 + .5674, 369 3 


(vi) -1 

4- 

.38, 2399 


Exercises 7.7 

(ii) .009645 
(ii) .0002497 
(ii) 6.508 
5. 19.264, 20 digits 

(ii) 575.8 (iii) 32.18 (iv) 14.15 

(b) .0007787 (c) 9.077 (d) 2.118 

(b) .0003889 (c) 16.34 (d) .1744 

(f) 675.7 (g) .02512 (h) 366.0 

(b) 8.106 

(b) 66.36 (c) 15.95 (d) 1.047 

Exercises 7.8 

1. Rs 148 40 2. 14.2 years 3. 10.4% 

4. (a) Rs 81210 (b) Rs 59190 (c) Rs 29050 (d) 7.6 years 

5. 40.9% 6. 322 years '7. 645.5 m 

8. 1.677g 9. 454.5 cm 2 10. 11.99 m 


1 . 

(i) 

6331 

2. 

(5) 

584 9 

3. 

(i) 

.3794 

4. 


3.63 

6. 

(i) 

13.92 

7. 

(a) 

.4391 

8. 

(a) 

116.2 


(e) 

' 4154 

9. 

(a) 

.3467 

10. 

(a) 

1 865 
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